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ABSTRACT: We study supersymmetric branes in AdS7 x S* and AdS, x ST. We show that in
the former case the membranes should be viewed as M5 branes with fluxes and we identify
two types of such fivebranes (they are analogous to giant gravitons and to dual giants). In
AdS, x ST we find both M5 branes with fluxes and freestanding stacks of membranes. We
also go beyond probe approximation and construct regular supergravity solutions describing
geometries produced by the branes. The metrics are completely specified by one function
which satisfies either Laplace or Toda equation and we give a complete classification of
boundary conditions leading to smooth geometries. The brane configurations discussed in
this paper are dual to various defects in three- and six-dimensional conformal field theories.
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1. Introduction

The last decade saw a significant progress in our understanding of string theory and field
theories due in large part to the discovery of the AdS/CFT correspondence [fl, B]. Most
of the work on the subject has been devoted to AdS5;/CFTy duality where one can carry
out reliable computations on both sides of the correspondence and compare the results.
For chiral primaries the calculations on the bulk side can be performed using supergravity
approximation and they match the outcome of field theory computations [[]. In the case of
theory on AdSs x S° one can go further: in spite of the presence of a background RR flux, a
string can be quantized in certain limits and one finds a perfect agreement with boundary
results for various unprotected quantities [, fjj. These developments led to a remarkable
progress in understanding of N’ = 4 SYM in four dimensions and strings on AdSs x S°:
one sees an emergence of integrable structures on both sides of the correspondence [fj].

Unfortunately the same techniques cannot be used to study the examples of AdS/CFT
which come from M theory. In this case neither the bulk side nor the field theories are
well-understood. On the boundary one has either six-dimensional (2,0) theory [[§-f] or a
fixed point of an RG flow in three dimension [§, [L]], and it is not clear how to compute
the correlation functions in either one of these cases. On the bulk side the fundamental
degrees of freedom are described by an M2 brane and it is not known how to quantize this
object. It seems that the supergravity is the only available approximation in this case and
certain correlation functions have been computed in this regime [[[1].

While supergravity description has a limited scope (it captures only a small subset of
stringy modes), it also has certain advantages over the full quantization of a string: some
semiclassical objects carrying very large charges have a good approximate description in
terms of geometries, while representation of these objects in terms of stringy modes is
very complicated. To be described by a classical geometry, a state should be semiclassical
and it should preserve some amount of supersymmetry. In the simplest case of 1/2-BPS
objects the gravity solutions describing local states have been constructed for all known



examples of AdS/CFT correspondence [[[J, [[J]. While the construction of [[J] exhausts
all 1/2-BPS states in AdS3/CFTy, in higher dimensional cases one should also look for
the bulk description of non-local states. For AdS;/CFT,4 one encounters one-, two- or
three-dimensional defects on the boundary and their gravity description was found in [[[4 -
[[d]. In this paper we will present an analogous construction for the M theory examples of
AdS/CFT.

Since the field theory side of the correspondence is not well-understood, one cannot
write a clean expression for the gauge-invariant operator corresponding to a defect on the
boundary in the same way as it is done for a local operator or for a Wilson line in CFTy.
However one can use the symmetry arguments to show an existence of certain defects in the
field theory and to identify the corresponding objects in the bulk. Then classification of the
defects in field theory reduces to a corresponding problem in M theory on AdS,, x S™ where
one looks for brane configurations preserving certain symmetries. If the number of branes
is small, the geometry remains unchanged, so one should study the dynamics of the probe
objects. Famous examples of such branes are known as ”giant gravitons”, they exist in all
four cases of AdS/CFT [17, [Ll§! and the geometries of [[L3] describe the backreaction of these
objects. Other examples of 1/2-BPS branes in AdSs x S° were introduced in 21, 7 and
they were used as a dual description of Wilson lines in [23, P4]. Unlike the giant gravitons
which carry only D3 brane charge, these D branes have a nontrivial coupling to the Kalb-
Ramond B field, so when the brane is shrunk to zero size it goes over to a fundamental
string rather than to the perturbative graviton. This result is expected since in such limit
the representation of the gauge group becomes small,> and a dual description of a Wilson
line is given by a string [R1, RJ. In the opposite limit of a very large representation, the
D branes cannot be treated as probes and one has to find a modified geometry [LF]. This
picture has a very natural counterpart in M theory examples of AdS/CFT. As we will see,
the light defects correspond to a probe membrane in the bulk, but as the charge of the
defect grows, the description in terms of M5 branes with fluxes takes over. Finally as the
amount of flux becomes very large, the branes modify the geometry and the main goal of
this paper is to construct the resulting metrics. We will do this for various defects which
preserve 16 supercharges.

While our main motivation comes from AdS/CFT, a classification of supersymmetric
branes on curved backgrounds is a very interesting problem on its own right. In flat space
a brane preserving a half of supersymmetries should have flat worldvolume, but in other
symmetric spaces the situation is more interesting. For AdSs x S° background and its pp
wave limit the supersymmetric branes have been classified in [2(] and a similar analysis for
the M theory pp-wave was presented in [27]. Here we will study the branes on AdS; x g4
and AdS,; x S” both in the probe approximation (which is valid if the number of branes is

IFor AdSs /CFT4 one can also map this bulk description into specific operators on the boundary [@, E],
and it is this map which is missing for M theory cases.

2Tt turns out that the natural order parameter is not the dimension of the representation, but the number
of boxes A in the Young tableau. For A ~ 1 one has fundamental strings in the bulk [@, E] at A~ N
the description in terms of D branes takes over [@, @] and for A > N? one has to look at the modified
geometries [B] The same scaling works in the case of the giant gravitons [@, B]



small) and beyond it.

This paper has the following organization. In the first two sections we consider the
probe branes on AdS,, x S™ solutions of M theory, in particular we will see that M5 branes
carry a non-zero amount of a membrane charge. We will also show that the relation between
this charge and the position of the M5 brane is similar to the one which exists for the giant
gravitons. It turns out that the analogy persists even further: some M5 branes have
bounded charges (just as the usual giants) and for the other class the number of induced
membranes is unlimited (such M5s should be identified with ”dual giants”). From the brane
probe analysis we also infer the symmetries preserved by the branes and the remaining part
of the paper is devoted to construction of the geometries which preserve these symmetries.
In section 4 we summarize the general solution of eleven dimensional supergravity with
SO(2,2) x SO(4)? isometries (and details of the computation are presented in the appendix
A). Tt turns out that the solution is uniquely specified by one harmonic function and one real
number g. This number is determined by the asymptotic geometry and we concentrate on
the most interesting cases of AdS,, x S™ asymptotics. Since these two branches correspond
to different values of g, we consider them separately in sections 5 and 6. In both cases we
demonstrate that any harmonic function satisfying a very simple set of boundary conditions
leads to the unique regular geometry. We also find a clear interpretation of these boundary
conditions in terms of the probe branes. Once the general solution is constructed, one can
try to look at various limits and in section 7 we show that sending the warp factors of AdS
or of the spheres to infinity, one recovers interesting geometries which have been found in
the past (similar limits for the solutions of [[[§] are discussed in the appendix B).

While the geometries with SO(2, 2) x SO(4)? isometry describe a majority of the branes
discussed in sections 2 and 3, some interesting 1/2 BPS configurations of M2 branes in
AdSy x ST are not covered by this ansatz. In this case the symmetry is SO(2,1) x SO(6)
and the local structure of the corresponding solutions can be easily found by making an
analytic continuation of the geometries constructed in [[[J. Such solutions are specified
by one function D which satisfies Toda equation and in section § we discuss the boundary
conditions for D which lead to regular geometries.

2. Branes in AdS; x S*

Before delving into the construction of supergravity solutions, we study an easier problem
which will provide some useful information about symmetries. Our starting point is a
duality between M theory on AdS7 x S* and (2,0) superconformal theory in 5+1 dimensions.
Although this theory is poorly understood, we know that it contains local operators as
well as gauge invariant nonlocal defects. These objects are analogous to Wilson lines
in AdS5;/CFTy correspondence, but since the fundamental field in (2,0) theory is a 2-
form gauge potential (rather than a 1-form), the most natural defects are two dimensional
surfaces.

In the AdS5;/CFTy correspondence the Wilson lines have been studied several years
ago [R1], 5], where the loops in N = 4 SYM were shown to correspond to strings ending on
the boundary. Recently it was observed [23, 4] that if the dimension of the representation



is large, then a better bulk description of the Wilson lines is given by D3/D5 branes with
fluxes on their worldvolume. We expect a similar picture to hold in AdS7/CFTg case as
well: if dimension of representation is small, the "Wilson surface” should be dual to an
M2 brane ending on the boundary, but for a higher-dimensional representation a better
description should be given by M5 brane with fluxes. In this section we will explore such
configurations.

We begin with analyzing an M2 branes ending on the boundary. There are two ways of
constructing such system: the intersection can be either one- or two-dimensional. We will
be interested in configurations which preserve 16 supercharges and it is the two-dimensional
intersection which can produce such states (this is in a nice agreement with the fact that
the natural objects in field theory are two-dimensional defects). To see this it is useful to
go away from the near horizon regime and consider a membrane intersecting a stack of M5
branes in asymptotically flat space.

Suppose M5 branes are oriented along 012345, then one-dimensional intersection cor-
responds to M2 filling 067 and two dimensional intersection corresponds to M25 stretching
along 056. The supersymmetries preserved by M5 brane satisfy the projection I'g123451m = 1,
while for two different M2’s we find [gg7n1 = 11 and Lgsgne = 72. Since matrices 12345
and ['gg7 anticommute, they cannot be diagonalized simultaneously, this means that no
supersymmetry is preserved by both M5 and M2;. Similar argument shows that a 1 + 1-
dimensional intersection of M5 and M25 preserves a quarter of supersymmetries, moreover,
it is clear that this configuration preserves SO(4) x SO(4) x U(1); bosonic symmetries as
well.

If we had a stack of M5 branes alone, it would preserve 16 supercharges and I50(5, 1) x
SO(5) bosonic symmetry, but as one takes the near horizon limit, the number of supersym-
metries is doubled and bosonic symmetry is increased to SO(6,2) x SO(5) [l. One may
anticipate that such enhancement happens for the M2, M5 intersection as well. To check
this we analyze bosonic symmetries from the point of view of the theory on the boundary.
The vacuum of (2,0) theory has an SO(6,2) conformal group and the intersection with M2
brane is seen as a 1+ 1 dimensional defect in such theory. Let us assume that the defect is
flat (i.e it is an analog of a straight Wilson line discussed in [P3, [[4, [[§]). Then using the
general analysis of the conformal groups performed in [P§], we conclude that such a defect
breaks SO(6,2) to SO(4) x SO(2,2). Some of these symmetries were manifest even in the
asymptotically-flat configuration, but the enhancement U(1) — SO(2,2) happened in the
near-horizon limit. It turns out that in this limit the number of supersymmetries is also
increased from 8 to 16, but we will postpone the explicit demonstration of this fact until
section fi.

To summarize, we expect the 1 + 1-dimensional defect in (2,0) theory to preserve 16
supercharges and SO(4) x SO(4) x SO(2, 2) bosonic symmetry. To analyze the bulk objects
which are dual to such defects, it is convenient to write the metric of AdS7; x S* in a way

which makes this symmetry more explicit:

ds? = 4L*(cosh? pds3 4 + sinh? pdQ3 + dp?) + L?(d6? + sin® d03) (2.1)
Fy = 3L3sin®0do A d3Q, L3 =nNI



In the bulk one has three kinds of branes which preserve these symmetries, and it turns
out that all of them are relevant for the dual description of the defects. In the next three
subsections we will describe these objects in more detail.

2.1 Probe M2 brane

Let us begin with considering an M2 brane which ends on the boundary: this is a counter-
part of the analysis [1], 5] for Wilson line. Since the worldvolume of M2 should contain
a timelike direction, to be consistent with symmetries this membrane should extend along
AdSs. This makes an action especially simple in the static gauge where the worldvolume

of the brane is parameterized by the AdS coordinates:

SDBI = —Tg/dVAdS COSh3p (2.2)

The equation of motion for p following from this action sets p = 0, so the profile of M2
brane is fixed uniquely. In particular this implies that at the location of the brane S° goes
to zero size, so the brane preserves one of the SO(4) symmetries. To preserve another SO(4)
the brane should be located at # = 0 (this can always be accomplished by an appropriate
SO(5) rotation).

The fact that M2 has no moduli is expected: by analogy with Wilson line, the 1 + 1
dimensional defect should be characterized by a surface (which we choose to be a flat
plane) and a representation of the gauge group. The analysis of [, P§ which we are
mimicking here, established a correspondence between a Wilson line in the fundamental
representation and a string, so we expect that a single M2 brane also corresponds to an
object in the fundamental representation in (2,0) theory. This implies that both a shape
and a representation are fixed for the defect, which agrees with the fact that a profile of
M2 brane has no parameters.

To describe the defects corresponding to higher dimensional representations, one should
consider multiple M2 branes which are placed on top of each other, but, as the number of
such membranes becomes large, a better description emerges, and it involves polarized M5
branes [R9). This effect is similar to a description of Wilson lines in terms of D branes which
was proposed in [2J). There are two types of M5 branes which preserve the symmetries of
the solution (EI) the worldvolume can either be AdSs x S3 or AdSs x S3. Let us consider
these two cases separately.

2.2 M5 brane wrapping S5°

We begin with looking at M5 branes stretched along AdS3 x S3. To mimic the membrane
charge, such brane should also have a self-dual three-form switched on and in general it
is hard to describe self-dual fields using the action principle. However, for the case of M)
branes there have been several proposals in the literature [BQ, Bl] and we will follow the
method of [BI]] which is based on introduction of a scalar auxiliary field a. The counterpart
of the DBI action in this formalism is

Spst = —T5 / d°¢ {\/ —det(gmn + i Fn) + rvv_cggamaF*m"anlpapa (2.3)



The dynamical variable is a two-form B,,, and following [B1] we introduced

. 1
emlabep . Fopp = ————=F' 00 (24)

6 /—_g aocy /—(VG)Q mn.

We can fix the invariance under diffeomorphisms by choosing the static gauge where
€0,¢1, & are identified with coordinates on AdS3 and &4, &5, & are identified with coordinates
on S3. For the gauge field we will choose a magnetic description by setting dB = L3b dVq

FZQdB—C(B), F*mnl _

with constant b. The action (.3) has an additional gauge invariance which allows one to
set a to be an arbitrary function with non-vanishing gradient (see [BI] for further discus-
sion) and we will use this freedom to identify a with radial direction on AdSs. To be more

specific, we write

dsAgs = — cosh? (dr? + d¢* + sinh? (d¢? (2.5)
and set a = (. With these conventions we find

h? 1

F=1L32b—h)dVs, F*= &:L#L‘?’(Zb — h)dVagqs, h= Z(COS 30 —9cosf +8)
sin
_ 2L2 ‘h2
F= 222 P(9h — h)sinh 2¢ dr A dg, Frmnlp =0
sin® 6

We observe that unless p = 0, M5 brane is located at a point on S which implies that one
of the SO(4) symmetries is broken. Since we are interested in the symmetric case, from
now on p will be set to zero.

Using all this information, one can simplify the action (R.3):
SpsT = —T5/d3Qd3H 8LOV/sin®0+ F2, F=2b-h (2.6)

In general an action describing M5 brane contains two pieces: the contribution of the

tension (R.3) and a Chern-Simons term:
T
Scg = 75 /F AC®), (2.7)

however in the present case this contribution vanishes, so the action (P.6) is complete.

To find the location of the brane in 6 coordinate, one should minimize (.6) with
respect to this variable. To do this it is convenient to rewrite the expression appearing
under the square root in (R.6) in terms of z = cos 6:

V=(01-2%3+ (2% - 32+ 2 — 20)* (2.8)

Taking a derivative of this expression with respect to z, we find a simple relation
av.
der

This implies that V reaches a minimum if x = 1 — b provided that this expression lies in

121 —2*)(b+x — 1) (2.9)

the interval (—1,1). In other words, we found the relation between the location of the M5
brane and the value of the magnetic field:

cosf =1-b (2.10)



Notice that if b = 0, then the M5 brane is located at # = 0 which means that its worldvolume
becomes degenerate (S3 shrinks to zero size). This would look like a 2 + 1 dimensional
object which should be identified with the M2 brane discussed in the previous subsection.

Since M5 brane has a worldvolume flux, it carries an induced membrane charge. This
effect is familiar from the physics of D branes [BJ], and to compute the appropriate charge
one should find the source term for the C'®):

1
58 = 6/d65%5 ®) (2.11)
abc

In the present case we have one unit of M5 brane charge which comes from a coupling
with magnetic components of 56'0(2, but due to the presence of last term in (B.J) and

Chern-Simons contribution (R.7), the M5 brane couples to the electric three-form potential
as well:

T: Vv—g 8L3 T5L3
5SEST = -2 / e Y9 B op psc® = B cospsin?o a5 [ 60®

el 2 (2L)6 sin3 0 2 AdS
T TsL3
5528 _ _ 15 503 . /F — 57 osOsin6 Q3/ sC®) (2.12)
2 AdS AdS

The same potential is sourced by a membrane which extends in the AdS space and in that
case the coupling is given by

68 =T / 503 (2.13)
AdS

Comparing this with (R.19), we find the membrane charge carried by the M5:3

T: N
—?51;’ cos @sin® § Q3 = 7 cos fsin” 6 (2.14)
2

no =

Notice that this expression is bounded.* The brane configurations with bounded charges
have been encountered in the past: the simplest example is an original giant graviton of [[L[7]
which has a bound on angular momentum. Another example which is closely related with
M5/M2 system arose from studying branes in AdS; x S°: a D5 brane placed on this
background acquires a charge ny < N under a Kalb-Ramond field [BZ. The fact that this
charge is bounded by the amount of flux has a very nice field theoretic interpretation [R4]:
the D5 brane corresponds to a Wilson line in an antisymmetric representation of the gauge
group and the number of boxes in Young tableau which corresponds to such representation
is bounded by N. It would be nice to find a similar explanation for (R.14).

The angle 0 varies from zero to 7, so the right hand side of equation (B.14) changes sign
at 0 = 5. It appears that one deals with M2 branes® if 0 < 6 < 5 and with anti-membranes

3We recall that the tensions are expressed in terms of the Planck scale as Tp = L T5 = L.
(2m)213, (2m)51%

1A similar quantization condition for the membrane charge has been previously derived in @] See
also @] for further discussion of branes with AdSs; x S° worldvolume.

®In our notation M2 corresponds to negative values of n: this can be reversed by redefining the orien-
tation of M5 brane: we assumed that f dVaas N dVs > 0.



if 5 < 6 < 7, however both types of branes preserve the same supercharges, so they
can be superposed freely. Recently similar configurations of branes and antibranes were
used to establish a relation between the partition functions of black holes and topological
strings [BY].

Finally we observe that to recover a single M2 from (-I4) one should take § ~ 2 < 1,
this means that M5 brane collapses to a 2 + 1 dimensional object located at # = 0. This
agrees with consideration of section P.J. We also notice that quantization of charge in (2.14)
implies that M5 branes cannot be placed at arbitrary values of 6, but rather one has a

discrete sequence 0,,.

2.3 M5 brane wrapping S°

Next we look at M5 brane with worldvolume AdSs x S3. We again switch on the magnetic
field and use the sum of (R.3) and Chern-Simons actions to describe the system. In the
present case the static gauge involves identifying of €0, &1, & with AdS3 and &4, &5, &6 with
53, and we also identify a with radial coordinate of AdS. As before, the field strength is
taken to be proportional to the volume of the sphere: dB = L3b dVg. Since this M5 brane
occupies a point of $*, we can perform a SO(5) rotation to place it at # = 0 in the new
coordinate system. With these conventions we find

h3
F =213 dv, F* =222 Py v g,
sinh” p
. L? cosh?
F= -2 PysinhCeosh ¢ dr Adp, F*™F, =0
sinh” p

Substituting this into the PST action (R.3), we find

- b
Spst = —T5 / d*Qd*H (2L)° cosh® py/sinh® p + I (2.15)

Next we evaluate the Chern-Simons coupling between the background field and the brane.
In the present setup, the relevant contribution comes from integrating the pullback of the
dual gauge potential over the worldvolume of M5:

Scs = Ts / P[C9)] (2.16)
We begin with evaluating the dual field strength from (P.1):
F; =6 - (2L)% cosh? psinh® pd® H A d*Q A dp (2.17)

Integrating this expression with respect to p, we find a gauge potential which is invariant

under SO(2,2) x SO(4):
C®) = 2L5(cosh 6p — 9cosh 2p + 8) d>H A d*Q (2.18)
and the Chern-Simons action becomes

Scg = 2T5L° /(cosh 6p — 9cosh 2p + 8) d*H A d*Q (2.19)



To find the location of the M5 brane we should combine this with (2.15) and minimize the
resulting action with respect to p. As before, it is convenient to introduce a new variable
x = cosh p and rewrite the Lagrangian in terms of it:

2

b
L= —64x34/ (22 — 1)3 + 15 +8(y® — 3y +2),

b2
= —8\/(y2 —1P S+ 1)+ 8(y° —3y+2), y=22"-1 (2:20)

Notice that the new variable y = cosh 2p is bounded from below. Extremizing the La-
grangian with respect to this variable, we find an equation

b? b2
W =D+ T +1)" =" - 1)\/(?/2 1P+ Sy +1)? (2:21)
In the region y > 1, this equation has only one solution:
b b
y=—-+1: sinhp:£ (2.22)

2 2

Unlike the solution described in the previous subsection, this branch has an unbounded
magnetic field, so it is analogous to the “dual giant graviton” [[§] (or to the probe D3
brane in the context of [R3, [[4]). To see this more clearly, we again compute the coupling
to the two form potential and extract the M2 brane charge:

58 = = / o/ =gF*"5C%) + / FASC® = —2TsbL30, » 5CB3) (2.23)

Comparing this with membrane coupling (R.13), we find the number of M2 branes:
Tt
ng = —2?5 4sinh? pL3Q3 = —2N sinh? p (2.24)
2

As before, the quantization of no leads to a sequence of the allowed values of p, and for
ng = —1 the M5 collapses and we go back to the probe membrane discussed in section R.1].
However unlike (R.14) the present branch allows the charges to be arbitrarily large, so we
have an analog of dual giant gravitons [[§] and D3 branes with AdSs x S? worldvolume on
AdS5 x S° background [J].

If many M5 branes are placed on AdS; x S background, the probe approximation
would break down and one would have to look for the modified geometry produced by the
branes. A similar problem for giant gravitons was solved in [[L3] and the main goal of this
paper is to describe the corresponding construction for the branes discussed in this section.
It turns out that the resulting supergravity solutions also describe branes on AdSy x S*, so
we first discuss the properties of these objects and we will come back to gravity solutions
in section [4.

3. Branes in AdS,; x S”

Let us now turn to another example of AdS/CFT correspondence and discuss a duality
between M theory on AdS,; x S7 and N' = 8 superconformal theory in 2 + 1 dimension.

,10,



This theory is defined as an infrared limit of three dimensional super Yang-Mills [§, [L(],
and in particular one can try to trace various operators in the field theory under the RG
flow. Due to operator mixings, it is very hard to establish a direct map between the
quantities in the field theory (as defined in the UV) and gravity (which corresponds to the
IR fixed point). However since the symmetries of the UV theory are preserved along the
flow (and they are enhanced in the fixed point), we expect that any operator preserving
certain symmetry would map into a supergravity configuration which preserves (at least)
the same symmetry. One can apply this argument to learn some useful information about
a map for local operators [[L1], but here we will be mostly concerned with Wilson lines and
”Wilson surfaces” in the gauge theory.

3.1 One-dimensional intersection

It is interesting to look at Wilson lines which preserve certain amount of supersymmetry.
The analysis of the four dimensional case is summarized in B and it can be easily extended
to the three dimensional theory. One finds that to preserve 1/2 of supersymmetries the
Wilson line has to be straight and it is specified only by the representation of the gauge
group. For the line in fundamental representation the dual description should be given
by M2 brane ending on the boundary. The fact that the line is one-dimensional suggests
that the intersection of M2 brane with boundary should be one-dimensional as well, and it
turns out that such intersection is also natural from the point of view of asymptotically-flat
space.

Indeed, suppose that the AdSy x S” emerged as a near horizon limit of a stack of M2
branes spanning directions 012. Then in flat space they preserve Killing spinors satisfying
a projection I'gjon = 1. One has two ways of introducing a probe brane which intersects
this stack: M2; stretching along 034 leads to one-dimensional intersection and M2y brane
stretching along 013 intersects a stack on 1+ 1 dimensional surface. Looking at supersym-
metries preserved by M2; and M2, we find that eight common supercharges are preserved
by the original stack and M2y, while combination of M2s and original M2’s breaks all
supersymmetries.

We conclude that to preserve some supersymmetries in asymptotically flat space, one
should look at one-dimensional intersection. In addition to eight supercharges, such in-
tersection preserves U(1); x U(1)1 X U(1)2 x SO(6) bosonic symmetries. Here U(1); and
U(1)2 correspond to the rotations in the spacial directions of M2 branes. As usual, we
expect an enhancement of symmetry in the near horizon limit leading to 16 supercharges
and SO(2,2) x U(1); x U(1)2 x SO(6) bosonic symmetries. To make these isometries more
explicit, we write the metric of AdSy x S7 as

ds®> = L*(cosh? pdH3 + dp* + sinh? pdi)®) + 4L?(cos? 0d¢?® + dO? + sin® 0dN3)
2
Fy = 3L3 cosh? psinh pdp A dip A d2H, LS = %Nl?; (3.1)

The object dual to a Wilson line is a probe M2 brane ending on the boundary and the
symmetries dictate that it has a worldvolume extending in AdSs and ¢. It is clear that
the probe membrane should be located at p = 6§ = 0. As the dimension of representation
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becomes large, the M2 brane moves to a non-zero value of p and breaks one of the U(1)
symmetries. Namely one can still parameterize the worldvolume by AdS; and ¢, but in
addition a nontrivial dependence 1) = 1)(¢) should be introduced. Then one finds a metric
induced on the M2 brane:

ds? = L*(cosh? pdH? + (sinh? py? 4+ 4)d¢?), = —

The action for M2 brane consists on the volume term and a Chern-Simons piece:

R . [P
Syro = —Th / d3¢ L3 cosh? py\/sinh? pyp2 + 4 + 3L3T, / d?’f?/)/ cosh? ¢ sinh £dé
0

and a variation with respect to p gives an equation:

Ycoshp = /4 + ¢2sinh? p (3.2)

This relation becomes an identity for any value of p once we take

Y = 2¢. (3.3)

It is also interesting to compute an ” angular momentum”, i.e. a variable which is canonically
conjugate to .

oL

J = — = L3Ty(coshp — 1) (3.4)

oY
To summarize, we found that in AdSy x S” there is a set of supersymmetric M2 branes
which preserve SO(2,2) x SO(6) x U(1) symmetry, and these membranes are parameterized
by a quantum number J. As one puts many such membranes together, the geometry will
be modified and we will discuss the relevant supergravity solutions in section §.

3.2 Two-dimensional intersections

Another BPS configuration in flat space is given by a probe M5 brane which intersects the
original stack of the membranes along 1+ 1 dimensional manifold. The supersymmetries for
this case were discussed in detail in the beginning of section [ and we will not repeat that
analysis here.® Let us discuss the bosonic symmetries preserved by the probe M5 branes in
the geometry created by the membranes. From the asymptotically flat region one can read
off SO(4) x SO(4) isometries (if M2 is stretched along 012 and M5 is oriented in 013456,
then one has rotations in 3456 and 789(10)) as well as time translations. These symmetries
are preserved by the intersecting branes, so they would be present in the AdSy x S7 region
as well. Since in the dual field theory one has a two dimensional defect, we expect that
time translations are enhanced to SO(2,2) conformal symmetry in the near horizon limit.
Thus we conclude that to preserve 16 supercharges, a probe M5 brane placed on AdS, x S”

STf the stack of membranes is placed on a singularity of a Calabi-Yau 4-fold (rather than in flat space),
then the intersection has fewer supersymmetries. An example of such configuration is discussed in [@]
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should also preserve SO(2,2) x SO(4) x SO(4) bosonic symmetries. To make this more
explicit, we rewrite the AdS, x S7 geometry as

ds? = L*(cosh? pdH3 + dp?) + 4L*(cos® 0dQ3 + db? + sin? dQ3)
2
Fy = 3L3 cosh® pdp A *H, L° = %Nl?; (3.5)
A supersymmetric M5 brane can wrap either AdSs x S3 or AdSs; x S3. Since these two
types of branes are related to each other by a simple Z5 reflection, it is sufficient to look

at M5 wrapping AdSs x S3. To preserve the symmetries, such brane should be placed at
0 = 0 and a fixed value of p, and it can also have a worldvolume flux (see (R.4)):

P
Fapedz® = 23 d*H + 2L3b d*Q — 3L3d*H / cosh? &d¢ (3.6)
0

Let us find the equations of motion for the brane. As in section ], we introduce an explicit
parameterization (R.5) for AdS3 and choose the gauge a = ¢. Then equations (.4) become:

8 h? P
F* = — 32— h)d*Q + %QL% &H,  h= 3/0 cosh® £d¢

cosh” p

12
— _¥L2b sinh ¢ cosh ¢ dr A do,
1 2 h
O F*mann Pa=——"_19% - =
4(Vayz " P T T S eoshp (e 2>

Substituting this into (2.3), we find

[ 1 h
Spsr = —T5/d3Qd3H 8L° [cosh3,o I+ 16— Zb<6 - 5)] (3.7)

This action should be supplemented by the Chern-Simons term (R.7):

TsL5

Scg = — / d3Qd>H 2bh (3.8)

Minimizing the action with respect to p, we find an equation

b
V16 + 02

We observe that the value of b is not bounded from above, so we are dealing with an analog
of a ”dual giant graviton”. Notice that the ”electric field” e did not play any role in this
analysis, it just led to an additional constant term in the action. In appears that in our

b
tanh p = sinh p = 1 (3.9)

gauge e is an auxiliary field which does not affect dynamics.

Notice that despite some similarity between two relations (R.29), (B.9) connecting p
and b, there is an important physical difference between the underlying M5 branes: as p
goes to zero, the worldvolume of M5 brane discussed in section f] becomes degenerate, and
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the system effectively describes a 2+ 1 dimensional membrane. This never happens for the
M5 which led to (B.9): the volume element on this brane is

dV = 8L% cosh® p d*Q A d®*H (3.10)

and it never degenerates. This is consistent with our earlier analysis which showed that
1 + 1 dimensional intersection of M2 branes cannot be supersymmetric.

Even though the M) branes discussed in this subsection never degenerate into the
membranes, they do carry an induced M2 charge:

T
58 = =2 / doe/—gF*iscl) + 22 / FASCY = 2530 » 5C®  (3.11)

Comparing this with membrane coupling (R.13), we find the number of membranes:

T

ng = —2?5 16 sinh? pL>Q3 = —4v2N sinh? p (3.12)
2

If we put many such M5 branes together, they are expected to modify the geometry, and in

the next section we will describe the supergravity solutions produced by such configurations.

4. Geometries with SO(2,2) x SO(4) x SO(4) symmetry

In the previous sections we looked at various probes on the AdS; x S” and AdS; x S*
and we saw that M5/M2 branes follow interesting profiles in these geometries. Once many
branes are put together, one expects the probe approximation to break down, and the
metric to be modified. Finding such modified geometries is the main goal of this paper and
the construction will be described in this section.

In general it is very hard to find exact solutions of supergravity equations, but for
configurations which have large amount of (super)symmetry one sometimes can succeed
in constructing such solutions. In particular, it appears that the symmetries of M2/M5
configurations which were discussed in the previous sections are sufficient for finding the
local geometry produced by them. We begin with describing the configurations involving
M5 branes. The brane probe analysis suggests the bosonic symmetry SO(2,2) x SO(4) x
SO(4), and to enforce it in the supergravity solution, we choose an ansatz:

ds? = e*ds? + e?Bds? + e2cds2§ + hyjdz'da?
Fy dfy N dHs + dfa N\ dQ2s + dfs A ng (4.1)

Here ds% and ds%, represent metrics on unit spheres S, 3, and ds%{ is a metric on AdSs
with unit radius. We also have an undetermined metric in two dimensions h;;dz'dz*, and
all scalars are functions of x1, xo. Starting with this ansatz, one should solve the equations
for the Killing spinors:

1
Vit + 288 [y = 88, VPV Grpgrn = 0 (42)
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and the details of the computations are presented in the appendix[A]l” Here we just mention
that the equations for the spinor are simplified if one introduces a coordinate xo = y =
eAtB+C and chooses 1 to be orthogonal to it. This fixes the residual diffeomorphism
invariance in ([.1)) and further manipulations lead to the unique local solution of the SUSY
variations ([.9).

In the appendix [A] we show that equations ([.9) guarantee that the system ([L.1]) pre-

serves (at least) 16 supercharges, and we derive the expressions for the metric and fluxes

in terms of the warp factors e, B, e©:
y = eATBHC, hijdmidxj = gZ(de—i—dyQ), dr = *dy (4.3)
P yv—e—2A1e-2B 4 2C ef = \/BQA—C%BZC—C%BQB

dfy = 2¢1c0ye* 72 « d(B — C) + de*4=F, fo=f1 —Atr (4.
eA3Bdfy = 2747 Bdfy + 2¢1€C % d(2B + C) + c2eP34df, (4.
eA73Cfs = 26747 Cdfy — 2c9€P % d(2C + B) + ¢1e“34df, (4.

e 3B wdfy = 1 3Adfy + e A7 Cdfy — 2c9eP % d(2B + C) (4.
eF3C s dfs = —cpeP34df) — e A7 Bdfy — 2¢1€” « d(B + 20) (4.

= R R e
OO\]@CN%
I — D D

The constants ¢; and ¢y are not fixed completely, however they can be expressed in terms
of one number ¢ through the relation ([A.82):8

¢ = q, co=—(g+1) (4.9)
Finally, we have the expressions for the derivatives of fy:
dfo = —26’492 [—6F+B+Cdy + eA(c1e%¢ — CQBQB)d.fE] (4.10)

Notice that equations (.4)—([i.f)) can be used to write the fluxes in terms of the warp
factors, then (.7), ([£.§), (.1I0) can be viewed as restrictions on two independent warp
factors. In practice, in order to construct a solution it is convenient to combine ([£.7), (E§)
into a relation ([A.62):

A F B-C 6F+B+C

e e coe _ _
dlog —— P = + 4 % darctan T oA ar [coe™ x dfy — cre™B xdfs] (4.11)

The right hand side of the last equation is a one-form in two dimensions and it can be
decomposed into exact and co-exact forms:
oF+B+C

o2A _ 2F [626740 xdfs — cre” P « dfs] = —(d¥y + *d¥y) (4.12)

While such decomposition always exists, it is not unique since the last equation is invariant
under the ”gauge transformation” which is parameterized by a harmonic function V:

Uy > Uy4+ U, Uy — Uy +T: dU + xd¥ =0, AU =0

"A partial analysis of the system appeared earlier in [@}
8Without a loss of generality we take @ = b = ¢ = e; = 1 in all relations appearing in the appendix E
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This freedom can be used to impose a convenient boundary condition on Wy:
U1ly=0 = 0, \111’352_’_3/2_,00 =0 (4.13)

We conclude that for any solution with SO(2,2) x SO(4)? isometries, there exists a unique
pair of functions Wy, ¥y defined by (f13), (EI3) and equation ([E11]) can be rewritten in

terms of them:

A F

e e coe
d |log AL oF + \Ilg} + *d [4 arctan o

B-C

+U, | =0 (4.14)

The last equation implies that for any solution there exists a unique harmonic function &:
such that

A F B-C

— + Wy =0,P, 4darctan ¢
C1

log + U, = 9,0 (4.15)

ed + el

There is also an inverse map: once a harmonic function ® is specified, one can
use (E19), (E10), (E4)—(f§) to recover the solution. Although one has to solve non-
linear PDEs to find the solution in the closed form, later we will show that any harmonic
function ® leads to the unique solution. Thus locally we have a one-to-one correspondence
between supersymmetric solutions ([I.T) and harmonic functions of two variables ®(xz,y):

(07 +02)2 =0 (4.16)

The resulting local solution is smooth as long as derivatives of ® remain finite and y is not
equal to zero. A generic function ® leads to a geometry which becomes singular at y = 0
(since at least one of the spheres collapses to zero size) and we need to impose some special
boundary conditions to avoid a singularity.

Let us consider a point on z axis. Due to relation y = eA+5+C

, at least one of the
spheres should collapse to zero size there (the remaining option of setting e to zero leads
to singularity), let us assume that it is e® that goes to zero while e® remains finite. Then
assuming that ¢y, ca # 0 (which is true for the solutions with interesting asymptotics), we
find that 9,® must go to zero as we approach the y axis (see ([L.17), (£.13)). Then e, e,
yleB
at (S3,y) part of the metric:

and g, remain finite and non-zero, so to check the regularity we only need to look

eQBds% + gZdy2 = y*2623(y2ds% + dy?) (4.17)

We conclude that the geometry remain smooth at y = 0 if 9,® = 0 there. Similarly, if e¢
goes to zero, then d,® goes to 2w sign(cicz) and the metric stays regular. Thus one has
two types of Neumann boundary conditions at y = 0:

Oy®ly—0 =0 or 0,®P|y—o = 27 sign(cic2) (4.18)

and we distinguish “light” points where 9,® = 0 and ”dark” points where 0,® =
27 sign(cqez). Then the x axis splits into various regions and the boundary condition for
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Figure 1: Boundary condition for the harmonic function describing a typical regular geometry. The
dark regions correspond to 9,®|,—¢ = 27 sign(cicz) and light regions correspond to 9y ®|,=¢ = 0
(see equation ([.1§)). This is the most general boundary condition unless ¢; = ¢p = —1/2.

Figure 2: Boundary condition for the harmonic function on ¢; = ¢ = —1/2 branch. The normal
derivatives of ® are fixed on the z axis and along the branch cuts (see equations ({.1), (£19)).

a typical geometry is shown in figure f. This coloring scheme is identical to the boundary
conditions for the geometric duals of the Wilson lines in N'= 4 SYM [[L5].

While at generic values of ¢ one can only have the boundary conditions (4.1§), more
general solutions are possible if ¢; = ¢o = —1/2. We will discuss the special nature of this
case and derive a more general set of conditions in section .4, and here we just summarize
the results. On the branch with ¢; = co = —1/2, the harmonic function is allowed to have
discontinuities in the upper half plane, but to yield regular geometries such cuts should be
vertical and a boundary condition

axq)’a‘:xi,y<yi =0 (419)

should be satisfied along them. A typical boundary condition for this branch is depicted
in figure . In a presence of the cuts the relations (.1F), (.1J) do not fix ¥y and U,
uniquely, and to eliminate extra degrees of freedom one should replace ([.13) by

Uily=0 =0, VYalp=u;y<y; =0, Wilp2p2 oo =0 (4.20)

It turns out that a harmonic function corresponding to AdSy x ST has one branch cut and
more complicated cut structures will be discussed in section f.4.

The asymptotic behavior of the solution is determined by boundary conditions at large
values of r = y/x2 + y2. Such asymptotics also fix the values of ¢, ¢z, and in the next two
sections we consider the two most interesting cases. Some comments about solutions with

general values of ¢; and ¢y will be given in section [6.4.

,17,



5. AdS,; X S7 branch

In the previous section we summarized a general supersymmetric geometry which is invari-
ant under SO(2,2) x SO(4) x SO(4). We saw that the solution can be specified in terms of
one harmonic function ® and two constant c1, ca which are subject to a constraint ([.9). It
turns out that there are two different values of ¢; which lead to solutions with interesting
asymptotics, and here we discuss the case that leads to excitations of AdS,; x S”7. But
before we do this, let us explain how to recover AdSy x S7 itself.

5.1 Recovering AdS, x S”

Since AdSs x ST arises as a near-horizon limit of M2 branes, one expects that to arrive
at this geometry one should set fo = f3 = 0. We should start with determining the
constants ¢; and ¢y for this solution. To do so one should look at various combinations of
the equations ([L.4)—([.g), and we encountered some of them while deriving the solution in
the appendix Al In particular, one can see that the system ([£)—([.§) is equivalent to four
equations (A.52), (A.53), (A.59), (A.56). Setting fo = f3 = 0 in (A.59), (A.53), we arrive

at two relations:

e A Bdfy + 2¢1eC « d(B - C) =0 (5.1)
e Cdfy + 2c2eP x d(B-C) =0

If we assume that B — C' is not a constant, then the consistency of these equations requires
c2 = ¢1, and combining this fact with relation (f.9), we find that AdS, x S7 has

1 1 1
a=-t a=-1 g--1 (52)
Since ¢; and ¢y are constants, they should take the above values for any solution which
asymptotes to AdSy x ST and from now on the solutions with (5.3) will be called ” Ad.S, x S7
branch”. Notice that if we assume the relations (.9), then equations (A.53), (A:53) would
imply that fy vanishes if and only if f3 = 0.
Next we look at the relations ([A.55) and ([A.56). In the present case they become

3 s dfy = —6de®, B3 dfy = 6de” (5.3)

2B + 620

In particular we conclude that e = 4L? must be a constant. Let us introduce a

coordinate 6:
eB =2Lcosh, e“ = 2Lsin6 (5.4)
One can use the equation (f.4) to eliminate the flux f; from (b.3):

1 1
de? = EeB“C_QFd(B -C)— éec_?’A s det=F (5.5)

If one substitutes the expressions for the e? and e in terms of 0, the last equation becomes

L* _sp L 34, 4a-F
1——e df = e >* xde (5.6)
3 6
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(a) (b)

Figure 3: (a) Boundary conditions for the harmonic function (f.§) describing AdS, x S7.
(b) Boundary conditions corresponding to a typical excitation (5.9) of AdSy x S7.

We should also recall that A and F are not independent: they are related by ({.3), which
in the present context means that e*4 — ¢2 = L2. Then it seems natural to define a
coordinate p: e = L cosh p, ef' = Lsinh p and rewrite equation ([5.6) in terms of it:

2d0 = xdp (5.7)

At this point we know the warp factors and fluxes in terms of p, 8, but the metric in the
(p,0) subspace is still undetermined. The simplest way to find it is to use the coordinates
(z,y). By definition,

y =4L3 cosh psinfcosf, dr = *dy

then using the duality relation (5.7), we find + = —2L3sinhpcos2f. Substituting this
into (), (f£1)), we recover the AdS; x ST geometry. Moreover, the relations (f:19) allow
us to extract the harmonic function which corresponds to this space:

oy = L3 [4(p sinh p — cosh p) cos 20 + 8 cosh psin 260 (% — 6)]

/22 1 02
~ =2 [x <log VALY 1) + yarctan f] (5.8)
y r—00

213

9,P0 = 4 (g — a) . 9,D0 = —2p

The boundary condition for this function is depicted in figure fa. One can see that the
warp factors e? and e jump at (z,9) = 0 (e® = 2L,e“ = 0 to the left of this point and
eP =0,e” = 2L to the right) and along a rod z = 0,y < 2L3. This branch cut is shown in
figure fa.

To describe a solution which asymptotes to AdSy x S”, a harmonic function should
approach ®( at large values of /22 + y2. In particular this implies that for the geometries
on the AdSy x S” branch the y = 0 line should be dark for large negative values of  and it
should be light for large positive values, a typical coloring is shown in figure fb. One can
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easily write the harmonic function corresponding to such picture:?

zh
b = Py — Z O(x}h) |:—2($ — &) + 2y arctan z=& + (x — &) log[(z — €)% + ¢ .
Jr —
0,® = 0,®0—2)» O(x} <arctanm — arctan ﬂ) 5.9
Y y =0 Z () y y (5.9)
32 4,2
0.0 = 0,8y — S 0z log T Tm)_ Y

Unfortunately to extract a geometry corresponding to this data, one still has to solve some
differential equations and we were not able to find an explicit map from ® to the metric.
However one can use a perturbative construction to show an existence and uniqueness of
such map.

5.2 Perturbation theory

Let us now look at small perturbations around AdS; x S7. We begin with writing the
underlying harmonic function ® as

where ® corresponds to the AdSy x S7 space and ®, is viewed as a perturbation. To make
the perturbative expansion slightly more explicit, we introduce a small parameter e (and
we will take € = 1 in the end!?):

o = q)o =+ 6@1 (511)

Since the fluxes are completely specified in terms of the warp factors by (4)—(L.6), it
seems sufficient to introduce the perturbative expansions

o) oo
eB,C — cot 6 + Z EnG(n)7 eF*A — tanhp + Z EnH(n) (512)
1 1

and try to use the equations (4)-(EI1J) to determine G, H™ in terms of ®(). To
make the computations a little more transparent, we introduce one more expansion

o0
n
fo=>"ep (5.13)
n=1
9To simplify this expression we assumed that the regions change from dark to light at = = 0 and

zha, >0, 2} > x,,. We also assumed that the warp factors eZ, ¢ do not jump at nonzero values of z

and that the set of transition points is symmetric under z — —z (otherwise 9,® # 0 along the cut). A
broader set of solutions will be discussed in section @, in particular the most general solution with one
cut is given by (b.39).

ONotice that since the solution approaches AdSs; x S” at large values of & and y, the real expansion

parameter is \/%7 so even for e = 1 we expect to have a convergent series at least at large values of
ety

r= JEZ TP
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even though its coefficients are completely determined by G and H™ through equa-
tions (f.4), ({.§). Once the expansion for fy is known, the equation ([.13) allows one to
determine ¥; and ¥,. To see this we notice that on the AdSs x S7 branch (i.e. for ¢; and
co given by (B.9)), one can combine ({.5)—([.§) to obtain the equation relating fo and fs:

6F73B+C * df2 + 6A72Bdf2 — _6F+Bf3C % df3 + eA72Cdf3

Combining this equation with its dual and using the relation

2F4+2B | ,2A+2C 1
e = +e _ ——€2B 4+ €2A, (514)
e2B 4 e2C 4
we express the differential of f3 in terms of fo:
1 1
e 10 x dfs = —5 —el'3B=CHAqr, 4 Ze72B w df, (5.15)
e2A _ e’ 4

This allows one to eliminate f3 from (f.13):
9eF+B+C—4B

(620 + 623)(62‘4 _ %)

2B

AWy 4 +d¥; = [—eF+B_C+Adf2 - <e2A - %) % de} (5.16)
Let us consider perturbative expansion of the last equation and look at the coefficient
in front of €”. Since the expansion (p.19) does not have contribution at zeroes order in
¢, the right hand side of the last relation contains G*) and H®) for k < n and since
we are building the solution by induction, we assume that they are known (to begin the
induction one also needs G(© and H® which come from AdS; x S7). The functions fQ(k)
with & < n are known as well, so the only undetermined terms in the right hand side of the
last equation are the ones containing fQ(n). Differentiating (p.1¢), we obtain the Poisson
equation for \Ilgn) and it has a unique solution satisfying the boundary conditions (f.13).
Plugging this solution back into (f.16), one finds a unique expression for \I/gn). We should
stress that at this stage both \Ilgn) and \I/gn) contain some integrals of the unknown fQ("),
however there is a unique linear map

FARN 1O 10 (5.17)

Substituting this result into ({.15), we find the unique expressions for G™, H™ in terms
of f2(n) and the solution in the previous orders. Then the relations ({.4), (.10) lead to
the linear equations for f2(n) which have a unique solution. At this point one completely
determines the solution at the n-th order, and the entire series in constructed by induction.

We have outlined the procedure which allows one to start with any function ® which
asymptotes to ®( of the form (f.§) and to construct the unique 1/2-BPS solution as a
perturbative series in ® — ®y. While the explicit realization of this construction might
not be practical, the above construction guarantees that any harmonic function ® with
correct asymptotics leads to the unique solution. Combining this with the argument for
regularity given in section fl, we conclude that any harmonic function ® satisfying the
boundary conditions (i.1§) and approaching (5.§) at large values of r, leads to the unique
regular supersymmetric solution of eleven dimensional supergravity. This statement is an
M theory counterpart of the type IIB result derived in [[[5].
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(@) (b)

Figure 4: Two types of non-contractible four-spheres.

5.3 Topology, fluxes and brane probes

In the previous subsection we demonstrated that any harmonic function ® with boundary
conditions depicted in figure fb leads to the unique geometry with AdS, x ST asymptotics.
By construction, the supergravity solutions described in this paper have no sources, so
the space does not contain branes. However when the size of a dark or a light region
becomes small, the supergravity description breaks down in the vicinity of such defect and
a better semiclassical description is given in terms of brane probes. This situation has been
encountered in the other examples of source-free BPS geometries as well [[3, [§]. Here we
will identify the relevant branes and relate the supergravity data with probe analysis of
section f.

If the sources become weak and a brane probe approximation takes over, the geometry
is well-approximated by AdSy x S7 everywhere except for the location of the branes where
the space becomes singular. However the branes can still be detected by looking at the
excited fluxes: Fy of AdSy x S7 gets small corrections (but their backreaction into the
metric can be neglected away from the branes). To be able to support such fluxes, the
geometry has to have non-contractible cycles, so we begin with analyzing topology of the
solutions.

Let us start with a regular solution corresponding to a generic boundary condition
depicted in figure fb. In the (z,y) plane one can take an open contour which begins and
ends in the dark regions of y = 0 line and which goes through positive values of y in the
middle (see figure fla). Restricting the metric (Jl.1) to a four dimensional space composed
of this contour and S®, one finds a closed four dimensional manifold with topology of S%
(similar ”bubbles” have been encountered in [[I3, [L5]). If there is a light region between the
ends of the contour (as in figure fla), then the resulting four-manifold is non-contractible.
One can also show that the integral of F over this manifold is non-zero, so a light region of
finite extent should be identified with a stack of M5 branes wrapping AdS3 x S3. Similar
non-contractible sphere can be constructed by combining a contour presented in figure fb
and S3 and one concludes that a dark region of finite extent should be identified with
M5 branes wrapping AdSs x S3. We conclude that a generic geometry has a set of non-
contractible four-manifolds with topology of S* and the distribution of these manifolds can
be easily identified by looking at the coloring of y = 0 line.
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Figure 5: Construction of a non-contractible seven-manifold: one has to fiber both three-spheres
over the one-dimensional contour.

This still leaves a question: how do we see the flux produced by the membranes? To
extract an M2 brane charge one needs a non-contractible seven-manifold and it turns out
that all geometries described in this section contain only one such manifold. This fact is
consistent with analysis of section [J where we saw that the probe M2 branes can always be
viewed as fluxes on the worldvolume of M5 branes. There is only one exception from this
rule: the branes which were used to produce the original AdS; x S7. We will now see that
these branes are very different from the rest and even in the generic distribution depicted
in figure b one can identify such "seed branes”. To read off a membrane charge one needs
a noncontractible seven-manifold and for the geometries with SO(2,2) x SO(4)? symmetry
a natural candidate is a product of two 3-spheres and a contour in (z,y) plane. To produce
a closed manifold the contour should begin in the dark region and end in the light one
(an example of such contour is depicted in figure ). This procedure would produce a
closed seven-manifold for every point on the y = 0 line where the coloring changes from
dark to light or vice versa. Let us show that for the solutions described by the harmonic
function (5.9) most of these 7-manifolds have trivial topology.

Starting from a contour in figure [, one can move its ends close to the transition point.
As one approaches this point from the light region, the warp factor of S® can behave in two
different ways: it either goes to zero or saturates to a finite value. In the first case both
eP and e© go to zero at the transition point, so e — e, then from (B.19) one concludes
that 0,® goes to infinity. Since both spheres collapse at the transition point, the ends of
the contour can be moved from light to dark region and the seven manifold is contractible.
The other possible scenario involves jumps in both warp factors:

ePlaak = R>0, gt = R >0, €qark = € |tignt = 0 (5.18)

In this situation the contour cannot be moved through the transition point, so one finds
a non-contractible 7-manifold. Notice that the jump described by (b.1§) leads to a finite
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Figure 6: Small perturbations of AdSy x S7: the defects should be interpreted as M5 branes.

value of 0,®. We conclude that there are two different types of the transition points: the
ones with finite 0,® lead to a non-contractible seven-sphere associated with each point,
and the ones with infinite 9,® do not. If warp factors do jump at (z,y) = (1'(0),0), by
continuity they should also jump somewhere in the vicinity of this point. It turns out
that the jumps always happen on a vertical rod of finite length (we already saw this in
AdSy x ST example, and general case will be analyzed in the next subsection). If such
branch cut is present, it should not be crossed by the contour which was used to construct
the seven-manifold (otherwise this manifold will become singular at the intersection point),
so to build a non-contractible sphere one should use a contour depicted in figure fj.

To summarize, we showed that any finite dark (light) region leads to a non-contractible
4-manifold by taking a contour from figure fla (fjb) and fibering S® (S3) over it. We also
showed that for every transition point with branch cut there exists a non-contractible 7-
manifold which is composed of a contour in figure | and both three-spheres. No nontrivial
topology is associated with transition points without cuts. Moreover, it is easy to see that
F, has a non-vanishing flux over any nontrivial 4-manifold and the same is true about
xFy and seven-manifolds. Thus the topology of a solution and distribution of fluxes are
completely encoded in the boundary conditions for the harmonic function.

After presenting this general analysis, we now specialize to the solutions parameterized
by the harmonic function (5.9). This function has 2n + 1 transitions points and only one of
them (z = 0) has a finite value of 9,®. The topology of this solution can be read off from
the diagram in figure fb: the geometry has 2n different non-contractible four-manifolds and
one non-contractible seven-manifold. As we already mentioned, the four-manifolds carry
non-zero values of magnetic flux, and the 7-manifold carries a membrane charge (which is
measured by the integral of xFj).

Once we understood the general procedure for the extraction of fluxes, it is useful
to look at small perturbations of AdS,; x S7. A typical boundary condition for this case
is presented in figure f: the coloring is almost identical to the one for the unperturbed
solution, but there are small ”defects” in the light and in the dark regions. As we already
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discussed, a dark defect carries magnetic charge on S3, so it should be identified with
M5 brane discussed in section B.9, while the light defect should be identified with its Z,
image. In section B.2 the brane was parameterized by its position in AdS space (or by the
membrane charge, see (B.12)) and in the present case this translates into the position of
the defect on y = 0 line:

x=—2L3sinhp (5.19)
The map for the Zs image can be found by flipping the sign of .

5.4 Generalization: multiple membrane seeds and Schwarz-Christoffel map

So far we have been working with solutions described by the harmonic function of the
form (F.9) and typical boundary conditions for this function are shown in figure fb. In
particular, one notices that there is only one vertical cut which is produced by the ®( piece
in (5.9). In this subsection we will discuss solutions with a more general cut structure (a
typical example is presented in figure f]): we will demonstrate that to produce a regular
solution, all cuts should be vertical and a harmonic function should obey Neumann bound-
ary conditions along the cuts. We will also outline the procedure for finding this function.
Unfortunately in general case one has to invert a complicated holomorphic map, so the
expression for the harmonic function will not be very explicit. However this situation is
typical for solutions of Laplace equation with sophisticated boundary conditions: once the
appropriate map is found the inversion problem is considered to be ”trivial”.

While solutions described by (5.9) have only one "seed M2 brane” and the remaining
membrane charge is dissolved in M5s, one can naturally interpret a solution with &k cuts as
a geometry with k membrane seeds. The warp factors e, e© jump as one crosses a branch
cut, and now we will show that despite this discontinuity, the geometry remains regular if
the cuts are vertical and 9,9 = 0 along the cuts. In this subsection the analysis will be
performed for an arbitrary value of ¢ which appeared in (@), but in the end we will see
that a nontrivial cut structure is only possible for ¢ = —1/2.

Let us go back to the definitions of ¥ and Ws. If one assumes that these two functions
are smooth in the upper half-plane, then relations ([.13) and (f.13) fix them uniquely.
However this is no longer true in the presence of branch cuts, to remove extra ”gauge

degrees of freedom” we add boundary conditions on the cuts:

Usleut = 0 (5.20)

This relation along with ({.12) and ({.13)) leads to the unique expressions for ¥, U5. Then
restricting ([.15) to the branch cut, we find

GA—GF

cut
Using AdS; x S7 solution as a guide, we require both terms in this expression to be
continuous in the vicinity of the cut, while the values of

626B

T sign(cieo) + arct
— —S1enl(cqc arctan
1 gn{cica e
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should differ by sign on the opposite sides of the cut. The combination of these two
requirements leads to the prescription for crossing the cut:

coeP e (5.22)

Let us look at the first equation in (f.4): the terms without star remain invariant under the
flip (p.29), while the differential d(B — C') changes sign. We conclude that for regularity,
the vector d(B — C') must be pointing along the cut, while both df; and de*A=F must be
transverse to it.'! The discontinuity of both terms in the right hand side of the second
equation in (f.4) implies that dfy should also be transverse to the cut. To find the trans-
formations of dfy and dfs, it is convenient to construct combinations of ({.5)~({.§) which
do not contain dfy (see (A.57), (A.5G)):

—6eode® — QeF_gBdfg — clec_gA xdf] — eA3C dfs =0

—601dec — 26F73cdf3 + 026373‘4 * df1 + eA3B dfe =0

These relations should be interchanged by (5.29), then one finds the following behavior
under the flip:

cdfs — cdfy (5.23)

Then application of the flip to () gives a relation similar to ([.), but the coefficient
in front of dfy has an extra factor of ca/c1. Since the crossing conditions (f.29), (5.29)
should arise from a symmetry of equations, we conclude that this type of branch cuts is
only possible if ¢; = cs.

Once we established that ¢; = co = —1/2 (see ([£9)), it is convenient to rewrite ({.10):

dfo = —26’49; —ef By, %BA(BZC — e?Bydx (5.24)
As already mentioned, the left hand side of this relation is transverse to the cut, so it
should flip sign under (f.23). This leads to the conclusion that e should vanish along the
cut and dx should point in the transverse direction. In other words, we showed that the
cuts must be vertical and 9, ® should vanish along them (see equation (5.21))).

Let us summarize what we learned so far. We started with an assumption that (z,y)

plane has some cuts where the warp factors e and e are allowed to jump, but the
geometry remains regular. We showed that this can only happen if ¢; = ¢ = —1/2 and
02 Pleut =0 (5.25)

Let us now demonstrate that these conditions are also sufficient for ensuring the regularity
of the solution.

F

Since ef’ vanishes along the cut, we can parameterize the warp factors in terms of e

and an angle 6:

eB =2e4cosh, ¢ =2e4sinf: y=2e*sin20, gy_1 = 224 cos 260

"o rule out the opposite arrangement, we notice that (@) implies a discontinuity of xd(B — C).
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We observe that the reflection (5.29) translates into 6 — 5 — 10, s0 gg remains invariant
under it. To prove regularity we only need to analyze the metric in (z,vy, %, S%) subspace:

(672Ad1.)2

ds? o =4e?4 [COSQ 0d02 + sin® 0dO2 + d92] +9tan® 26(de”)’ + =

2 58 (5.26)

The term is the square brackets is a metric of seven dimensional sphere and it is smooth
in the vicinity of the cut. The prefactors in the last two term (tan®260 and cos™26) are
invariant under  — § — 6, so they remain finite and continuous in the vicinity of the
cut.'? Our previous analysis indicates that de” points in the transverse direction, i.e. it is
proportional to dz, so we conclude that the last two terms in (p.26) should be combined
together and the metric (p.26) is regular in the vicinity of the cut.

We proved that for ¢; = co = —1/2 there is a one-to-one map between regular geome-

tries and harmonic functions satisfying Neumann boundary conditions:

Oy®ly—o = 21, € (—o0,z1)U (z2,23) U...(2p,Tapt+1),
Oy®ly—0 = 0, x € (z1,22) U (23, 24) U ... (2pyt1,00), (5.27)
0, =0at z=u1xp,y <yp

D ~ —2<xlogr—|—yarctan£>, r=+22+y%—
Y

It is convenient to introduce a graphical representation for these boundary conditions and
an example of such coloring is depicted in figure B If only one of y, is non-zero and
distribution of transition points is symmetric, then ® is given by (f.9). Let us now discuss
a construction of solutions with multiple cuts.

The standard arguments allow us to write ® in terms of Green’s function:

T2p+1

O(x,y) = y{dQJ—GN = 2772/ déGn(x,yl€,0), x9=—00 (5.28)

and the challenge is to find a function G which has vanishing normal derivatives on all
components of the boundary:

OGN

/
on bndry

(9% + BE)GN(x,y]x',y') =—0(z—2")o(y — ), =0 (5.29)

This problem has a very simple solution in the upper half plane (i.e. when there are no
cuts), and this result was used to write down (f.9), but there is no algorithmic method for
writing a Green’s function corresponding to a generic boundary condition. Fortunately,
we are working in two dimensions, so conformal transformation can be used to map any
region into an upper half plane. Moreover, for the configurations described by (5-27), such
transformation is a particular case of a well-known Schwarz-Christoffel map: starting with

12VWe are considering a generic point where y # 0. A vicinity of the transition point where cut is glued
to the y = 0 axis requires a separate discussion, and one can demonstrate that there are no singularities
there as well.
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Figure 7: An illustration of the Schwarz-Christoffel map )

z = x + iy, we go to a new variable w by inverting the following function

B _ [ ¢ -y 5.30
z—f(w)—/ Cl;[(c—w;()l))lﬂ((—wz(ﬂg))lﬂ (5.30)

The values wéa) should be chosen in such a way that function f has right turning points
in the z plane (see figure [ for the illustration of the map). Notice that if the is no cut at
(1) )

a transition point & = x,, then one should take a limit wy, * = wg) = w§;3 . It is easy to

write the appropriate Green’s function in the w plane:

1
Gy (wlw') = o log |(w — w')?| (5.31)
77
and to translate this into (z,y) variables one needs an inverse of the map (5.30). While
this problem is solvable in principle, the computations for multiple cuts are quite involved
so we will not present the explicit harmonic functions ®(z,y) here.
To summarize, in this subsection we looked for regular solutions with discontinuous

B ¢C. We showed that such solutions are only possible in the AdSy x S7

warp factors e
branch (where ¢; = ¢3 = —1/2) and to produce regular geometry the harmonic function
should satisfy Neumann boundary conditions (p.27). We also gave a formal solution for
such harmonic function in terms of the inverse of the Schwarz-Christoffel map (f.30]). Once
the harmonic function is fixed, we can use the arguments of section p.3 to prove that a
unique regular solution can be recovered from it.!'3 In the next subsection we will go back

to the solutions with single cut and analyze them in the vicinity of the discontinuity.

13The key point in that construction was an asymptotic behavior of the solution, and even harmonic
functions with multiple cuts lead to AdSy x S7 asymptotics.
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5.5 Structure of solutions with one cut

Equation (f.9) gives a harmonic function with one cut and a very special distribution of
transition points: we assumed that the picture was ”antisymmetric” under the reflection of
z axis (see figure fb). We begin this subsection with analyzing the structure of the branch
cut in (b.9), and in contrast to the previous subsection we will work in (z,y) coordinates to
show the global picture of the cut. We will conclude by relaxing the symmetry requirement
and writing the most general solution with one cut.

We begin with analyzing the differences between (5.§) and behavior of (F.) near
x = z;,. We begin with extracting a basic building block ®,,, from (5.9):

Oy P, = —2arctan T xm’ 0y ®,,, = —log [(z — T)? + yQ] (5.32)
Y

Unfortunately the expression (5.§) for ® is not as explicit: it is written in the parametric
14

form:

y = 2L3 cosh psin(, x = —2L%sinh pcos(
Oy®o =2(r— (), 0:Po=-2p (5.33)

Straightforward algebraic manipulations lead to the following expressions:

1/2
x 2 a? at
s =/ (y2 + 22 — a2)? + 4a222, a=2L3, (5.34)
then we can write the derivatives of ®q in terms of (z,y) coordinates:
(22 1+ a2 — 12
O0y®o = 2m + 2arctan \/s (2% +a* —y°)
V2
2, .2 2 4 o2 2
8,0 = —log |2 +€+5+\/(y +x4+8) —1] (5.35)
a a

Sending a to zero, we recover (5.32) with z,,, = 0 up to constant shifts in 9, and 9,P.
The value of a gives the length of the cut at the transition point x = 0.

It is interesting to study the structure of the cut introduced by (5.35). One can see
that if a # 0, then 0,®y is a continuous function, while 9,®q can jump at x = 0. To see
this jump in more detail, we write the expression for d,®y at small values of z:

S ~ ‘yQ _ a2’ + xQ(yQ +a2)
ly? — a?|

2

a2 — y2
y<a: 0y®y~m—2arctan |2y —5—5—|,
Y

y>a: Oy®y~ m—2arctan [L]
2 _ 2
Yyt —a

1 We consider the z and y derivatives of ® since they look simpler than the entire function. Of course ®
is uniquely recovered from this data (up to irrelevant constant).
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We see that as x changes sign, 0,®q jumps if y < a and it continuously goes through
zero if y > a. This we have a vertical branch cut which extends from (x,y) = (0,0) to
(z,y) = (x,a). Since in the vicinity of = 0 it is only 0, %P that can jump, we conclude
that the same cut is present in the y derivative of the complete harmonic function ®. This
discontinuity translates into the jumps in the warp factors e and €.

While (B.9) gives a simple expression for a harmonic function with one cut, it is not
completely general: to provide the condition 9,9 along the cut one has to assume that the
distribution of the transition points is symmetric'® under x — —x. Let us now use the
Schwarz-Christoffel map described in the previous subsection to write a completely general
expression for the harmonic function with one cut.

The upper half plane with a cut can be mapped into the upper half by a very simple
transformation:

w=Vz2+ad2 z=+\Vw?—a? (5.36)

which is parameterized by a positive real number a. The branch cut (0 < Im 2z < a) is
mapped into the segment —a < w < a. Starting with Green’s function (5.31) in the w
plane, we can find one in z coordinates:

1
Gn(z]7) = %log](z—z/)z—i—aa, (5.37)

Then assuming that the regions z € (xgp, T2p+1) are dark,' we arrive at the expression for
the harmonic function

O(z,y) = Z/ " dglog| (@ — €2 — 4+ a? + 20z — E)y]
p %2

= % > /mp+1 d¢log [{(z — £)* —y* + &®F* + 4(z — )y’ (5.38)

_ _ T2p+1
Oy® = Z [arctan r=¢ — arctan x 5]
- a — y a + y $2p
1 / T2p+1
0,0 = 5> log [{(z —©)* 4" +*}* + 4l — %]
p Z2p

For a symmetric distribution of transition points these expressions reduce to (5.9).

6. AdS; x S* branch

In the previous section we set the value of ¢; in such a way that the solution approached
AdSy x ST at the large distances. We saw that for such solutions the line y = 0 was dark on

5Notice that this symmetry implies that dark regions are interchanged with light ones.

16T5 have the right asymptotics we should set 2o = —oco, while all other x) should remain finite. This
leads to divergent integrals in ®(z,y) and a divergent constant in 9,®, while 9,® is finite. We regularize
0;® by subtracting an infinite constant which is accomplished by dropping the boundary term for £ = xg
(this is indicated by a prime near the summation sign).
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the far left, it was light on the far right and all ”defects” were located at finite values of x.
Here we will discuss the other interesting class of solutions which asymptote to AdS; x S*:
as we will see it would correspond to the boundary conditions with y = 0 line being light
everywhere with an exception of a finite region. A possibility of more general boundary
conditions will be discussed in the subsection p.4.

6.1 Recovering AdS; x S*

We begin with recovering AdS; x S* space. Since it arises as a near-horizon limit of M5
branes, one should set!” f; = f3 = 0. Let us compare ([f.q) and (f.§)

2e~A7Cdfy — 2cpeP % d(2C + B)
—e A7 Bdfy — 2¢,¢% * d(B + 20)

=0 (6.1)
=0

_Q2A+F

Assuming that fo = is not a constant, we arrive at the relation between coefficients

c1 and c¢y:
ca + 2¢; =0, (6.2)
and combining this with ({.9), we determine c;, ¢y for the AdS7 x S* branch:
a=1 c=-2 qg=1 (6.3)

Notice that this relation along with assumption f; = 0 uniquely determines AdS; x S*
geometry.
Let us now recall the relation ([.4):

€_2A+2Fd€4A_F — 4€A+B+C * d(B _ C)
and combine it with (B.I]) to eliminate a differential of C:
674A+Fd66A _ 66A+B+C + dB (64)

In the AdSs x S7 case we found that a certain combination of the warp factors was constant
and this led to a convenient parameterization (f.4). In the present case to introduce a
similar set of coordinates it is convenient to eliminate *dB from the last equation by
trading it for some exact form. To do so we again compare the equations (A.59), (A.50):

6de® = e 3Bdfy,  6de’ = A3 x dfy xdeP = e =AqeC

Substituting this into (.4), we find that 24 — ¢2¢ = 4L? is a constant, so in an analogy
with (5.4), it is convenient to introduce a new coordinate p:

e = 2L cosh p, e“ = 2Lsinhp (6.5)
Looking at the definition of ef’ (.3), we conclude that in the present case

el 4 4e?P =412,

17The alternative solution with f; = f2 = 0 can be found by interchanging the spheres.
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(@)

(b)

(©)

Figure 8: Boundary conditions for the AdS; x S* branch: (a) ground state; (b) typical excitation;
(c) small perturbation corresponding to probe branes.

this suggests a natural parameterization
el' =2Lcosh, e =Lsing (6.6)
To establish the relation between p and 6 we can use (.4):

dp = % * df (6.7)

Notice that in comparison with (5.7) p and 6 switched places. At this point we determined
all warp factors as functions of p and 6, and to complete the construction of the solution
we need to rewrite them in terms of z and y. The expression for the coordinate y follows
from the definition (l.3)): y = 2L3 sinh 2psin 6 and to determine = we use the relation (5.7).
The result is

& = 2L3 cosh 2p cos 6, y = 2L3 sinh 2psin 6 (6.8)

For some applications it might be useful to work in (p, #) coordinates, we already know the
warp factors, so one needs to evaluate the metric (f.3):

hijda'dz! = L? [4dp® + d6?] (6.9)

This completes the demonstration that the geometry is indeed AdS7 x S*.
To connect with the general picture we can also extract the harmonic function ® which

was defined in ([L.15):

dy = Z [Qy arctan T

£=2L3

$ 4 (e — &) logl(@ — 6% + 17 (6.10)
€=—2I3
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In particular, it is clear that at y = 0 one has a light line with some finite dark region
and the boundary conditions for this function are depicted in figure Ba. At large values of

r = /x% + y2 this function behaves as
®~8L%ogr +c+O0(r™ ), r—oo (6.11)

and any solution which asymptotes to AdS7 x S* should obey this boundary condition. In
particular this implies that for the geometries on the AdS; x S* branch the dark regions
on the z axis should be bounded, and a typical coloring of y = 0 is shown in figure §b.
One can easily write the harmonic function corresponding to this picture:

_ ZT2m
b = Z [—2(95 — &) + 2y arctan z=& + (x — &) log[(z — €)% + o]
T2m—1
Oy® =2 Z <arctan % — arctan &;m_l> (6.12)

(w - x2m)2 + y2
P = 1
0 Z o8 (x — zom—1)? + y?

In the next subsection we will use a perturbation theory to show that any such function ®
leads to a unique regular solution.

Notice that since 9,® diverges at the transition points z = x,, the analysis of section f.J
implies that the geometry does not have non-contractible seven-manifolds. This agrees with
a general statement of section f.4 that such manifolds could exist only for ¢ = —1/2 (and
we are working with ¢ = 1).

To summarize, we showed that if the geometry belongs to the branch defined by (p.9)
and at least one of the fluxes f;, f3 vanishes, then the solution is AdS; x S*. We also
extracted the harmonic function (p.10) corresponding to this geometry and a relation to
the more standard coordinates (6.§).

6.2 Perturbation theory

Let us discuss the excitations of AdS; x S*. If we assume that the boundary conditions
for the harmonic function ® are such that 9,®(z,y)|y,=0 = 0 for sufficiently large |z|, then
the solution asymptotes to AdS7 x S* and one can construct it using a perturbation theory
around that space. The small parameter controlling the series is L/r and one expect a
convergence for the large values of r = /22 + y2. On the physical grounds it appears that
the series should converge everywhere, but we will not attempt to prove this rigorously. As
in section we will just outline the construction of perturbation series and show that for
any harmonic function ® the n-th term in the series is uniquely defined. Our goal would
be to demonstrate that ® completely specifies the solution rather than to find the explicit
geometries.

As in section p.d we introduce a perturbation parameter e and write the harmonic
function ® as

o = (I)O + edq (613)
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but now ®q corresponds to AdS7 x S* with appropriate radius (which should be chosen by
requiring that ®; goes to zero at large r = /a2 + y?). Next we introduce the expansions
for the warp factors:

A = log(2L cosh p) + Z "AM)

n=1

B = log(Lsinf) + Z "B
n=1

C = log(2L sinh p) + Z ™) (6.14)
n=1
and for the function fy:
fo = —(2L)3 cosh? psinh p + Z e"fon) (6.15)

n=1
The zeroth order in perturbation theory is already written down in (6.14)), (p.15), to perform
the induction we assume that all orders up to n — 1-th are known. Then equation ({.1()

)

from the previous orders. Plugging the result into ({.4), we find the expression for dfl(n)
in terms of fén) and its derivatives, then ({.7) and ({£§) give *de(n) and *dfén). At this
point we know the left hand side of ({.19) in terms of fén) and contributions from the

allows one to find algebraic expressions for G and H™ in terms of fén and contributions

lower orders, it is important that the resulting expression is purely algebraic in fén) and its

)

solve it we first act on both sides by the exterior derivative to produce a Poisson equation

derivatives. Now one needs to treat ({.19) as a differential equation for \Ifgn), \I’gn and to

for \Ilgn). This equation has a unique solution satisfying the boundary conditions (4.13),
then (4.19) can be solved for \I/gn).18 At this point we have one unknown function fén)
and everything else is uniquely expressed in terms of it either algebraically of by solving

Poisson equation:

A B o) dfln), de(n), df3n) (algebraic expressions)

\Ilgn) , \Ilg") (integral expressions)

£im

To determine the function fo(n) we should use the equations ([.15). At each order one gets
linear integro-differential equations and the solution is unique. The different solutions of
the entire system are parameterized by different ”seeds” @1, and in turn they are specified
by the boundary conditions.

The perturbation theory which was described above can be applied to a solution with
arbitrary asymptotics. To carry out the outlined procedure one has to start with ®(©
which corresponds to a know nonlinear solution and look at harmonic functions ® which

approach ®© at large values of r = \/22 + y2. Then writing
P =00 4 ¢@-00): & =9 (6.16)

BNotice that \I’go) goes to zero at large r, this implies that the same is true for the derivatives of \Ifén).
Then we can choose an integration constant by requiring \Ilén)|rﬂCXJ — 0. This determines the solution
uniquely.
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we can perform a perturbative expansion and it will converge for large values of r even if
€ = 1. In particular the construction described above would work for the geometries with
AdSyx S” asymptotics, but in this case the alternative approach discussed in section [5.9 was
somewhat simpler, moreover that expansion was a direct analog of perturbations around
AdS5 x S® which was constructed in [Ig].

To summarize, we have shown that if the harmonic function satisfies the boundary
conditions ([L.13), (b.11) with a compact dark region (see figure Bb), then this function is
given by (), the corresponding solution can be constructed as a perturbation theory
around AdS7; x S* and this procedure yields a unique regular geometry. In the next
subsection we will discuss the interpretation of such solution in terms of branes.

6.3 Relation to the brane probe analysis

Let us consider a harmonic function ® which leads to a solution with AdS; x §* asymptotics.
A typical boundary condition for such function is depicted in figure §b. Although the
supergravity solutions have no sources, we expect that a good effective description of a
small light or dark region is given by probe branes, and here we will identify these objects.

As in section .3 we begin with analyzing the fluxes for a generic solution from AdS7 x
S* branch. Such solution is described by a harmonic function (6.19) which has transition
points!? at 2 = x;, and one can see that d,® diverges at these points. This implies that
geometry does not have non-contractible seven-manifolds which can support the electric
flux (see section p.3 for details), and the topology is completely specified by the set of the
three-spheres which can be extracted from the coloring of the line. A typical perturbation
of AdS7 x S* is depicted in figure Be, it has light defects corresponding to the M5 branes
discussed in section P.d and dark defects describing the branes from section P.3. The map
between coordinates can be easily read off from (f.§):

Tlight = 2L3 cos 0, Taark = 2L3 cosh 2p, (6.17)

One can also insert dark defects at negative values of x, they correspond to the counterparts
of the branes studied in section P.J which are placed at the south pole of the sphere (i.e.
they have § = 7 rather than 6 = 0).

6.4 Comments on more general solutions

In this section we discussed the excitations of AdS7 x §*: the asymptotic behavior fixed the
values of ¢y, co (6.J) as well as the scaling of the harmonic function (b.11)). In section fj we
saw that on AdSs x S7 branch the values of ¢1, ¢y were also fixed, but they were different
from the ones discussed here. In this subsection we will make some comments about general
values of ¢y, cs.

The parameters ci,co should be determined by the behavior of the solution at large
values of r = /22 4+ y2? where one sees the "average” coloring of the y = 0 line and all
finite size effects are washed away. For example, it we start with AdS7 x S* solution and go

9We recall that transition points were introduced in section E as places on y = 0 line where the
boundary conditions changes.
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(@) (b)

Figure 9: A bird’s eye view of boundary conditions on AdS; x S” branch: all finite-size effects (a)
disappear and the distribution of dark and light regions becomes universal (b).

to large distances, the harmonic function would be well-approximated by ® = 0, i.e. in the
leading order the boundary conditions are ”light everywhere”. The same fact is true for any
solution on the AdS7 x S* branch. Similarly if one starts from a generic boundary condition
on the AdS; x S7 branch (such as one depicted in figure fJa) and looks at large values or
r, then boundary conditions for the harmonic function would be well-approximated by
figure @b. In general after an averaging one effectively gets ”grey” boundary conditions
where 0 < |0,®| < 2m. Of course, such coloring would lead to singular solutions, but the
averaging breaks down as we approach y = 0 line, so when talking about ”"grey” boundary
conditions at infinity, we always imply that one takes some regular solutions and averages
them out in z.

Generically we expect to have different shades of grey at positive and negative values
of x, so the average boundary conditions can be modeled in a following way:

A A
OyPly=0a<o =p+ 5 OyPly—oa>0=n— 7 A2 (6.18)
Here p and A are two constants parameterizing the solution. Notice that even if the branch
cuts were present in the original solution they are washed away by averaging, so the last
equation gives a complete boundary condition for the upper half plane.
One can construct ® satisfying the boundary condition (6.1§) using a Green’s function,

we will only need the expressions for the derivatives:
x A 9 9
%@zu—Aarctan;, 8x¢:—§log(x +y°)+o

Here ¢ is an integration constant which from now on will be set to zero. Taking into
account the boundary condition ({.13), we can simplify the relations (f1§) in the ”far
region” which we are considering now:

A _ F B
e’ —e A 9 9 coe” x
log AT oF + U, = —3 log(z* +y*), 4arctan 0l p — Aarctan ” (6.19)

As one goes to large values of y, the warp factor in front of AdS space should go to infinity

A+B+C)

(due to the relation y = e and some of the sphere warp factors might diverge as
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well. We will first assume that in such ”decompactification limits” a contribution of Wy
does not cancel the right hand side in (p.19).2° Let us analyze (f.19) for different values
of A\

General case: 2 > A\ > 0. The second equation in (.19) implies that eB ~ €, while
from the first equation we conclude that
6%620 + c2e2B o2

424 - (22 + y2) 2 (6.20)

A+B+C

Combining this with relation y = ¢ , we arrive at the scaling:

A

A = ayrO-2/3,02/3,

B BLe-N6,vafs 0 _ 0 2-N/6~Va/6 (g1
C2 C1

(&

Here «, 8 and ~ are functions of z/r and y/r. We have three equations for these functions:

4 2,2
afy =cica, [P+ = a2y , 4arctan s = u — Aarctan z (6.22)
r Y Y

and they can be easily solved in terms of polar coordinates in (x,%) plane (x 4 iy = re'c):

2 - A 2 - A 2
g 20U G BTN 200 A el
r 4 r 4 2y251n“_T<

(6.23)

Notice that since the warp factors on the spheres must be positive, the sign of % cannot
jump, this leads to inequality

2)\2
p2> = (6.24)
4
Let us substitute this data into the equation (f.10):
20° 2l v
dfy = — — d ———d
fo B2+ 2y2 [ c1Co v+ <cl o v
26162 2 2
= ———5—55- |—scdy+ (coc® —c157)dx
(C%CQ +C%52) [ y ( 2 1 ) ]
. = AC p = AC
= —_ = 6.25
s=sin——, c=cos— ( )
Integrability condition for this equation require ¢; = ¢3 = —%, A =2, p = 7, this brings us

to AdS,; x ST asymptotics. We showed that no other values of \ is allowed if one makes an
assumption (.2(), and relaxation of this assumption requires a cancellation in (6.19):

B

A
Uy, =0, Uy=—"log(z? +¢?), 4arctan CQeC = 1 — Aarctan z (6.26)
2 cre Y

We conjecture that for any (u,\) satisfying inequality (6.24]), one can start with these
relations and solve (f.3)—([.12) for a unique value of g(u, A). We will not attempt to prove
this statement.

20T his assumption is correct for solutions with AdSs X S7 or AdS7 x S* asymptotics.
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Degenerate solutions: A\ = 0, 0 < |u| < 2m. The second equation in (p.19) can be
easily solved:

H H
e . e
eB = —sin ﬁ, e“ = — cos ﬁ, el = \/e24 — e2H (6.27)

Co 4 C1 4

To find Wy it is convenient to use ({7), ({.§) and eliminate fo, f3 from ({.13):

B+C
e _34-B- 4B
(W2 xd) = G [ BG4 ) dfr — (1 + e2)e Py
+2c109 x d(B — C)]
—A

e2A _ g2F [_(1 - €2F72A)df1 + dfo + 2c1c0¢™ % d(B — C)]

= 62Ae_ =7 [eZF—QAdfl o d€2A+F + 20102€A % d(B . C):| (628)

To perform the above transformations we used ([£.3)), ([.9), (4). The last term disappears
due to relations (.27), and if one assumes that e remains finite as e goes to infinity,
then both ¥, and Wy vanish. Notice that this assumption is consistent, since for finite e’
the first equation in (6.19) leads to ¥o = 0.

We conclude that for A = 0 one can consistently set ¥ = W5 = 0 in the asymptotic
region, this implies that e/ = e?. Notice that for equation (E10) to be integrable, both
terms in the square bracket should be of the same order, this implies a vanishing of a
leading contribution to

24 24
COSs S1n
c12C — pe?B = 2 [ 1 4]

This gives a simple relation between ¢ appearing in ([L.9) and a parameter p:

q = — cos? % (6.29)

Notice that to arrive at this conclusion we have assumed that e? and e© scale in the same

way, and this assumption breaks down for p = 0, 27.

Special points: A =y =0 and A =0, = —27. Let us look at the case A = u = 0.
The second equation in (6.19) implies that either co = 0 (then we are dealing with a limit
of (F29)) or e? < €. One can show that the latter case leads to a scaling

eANeC>>eF~eB~1, Uy =0
The leading contribution to the equation (4.10) becomes very simple:
dfo = —2e*y 722 (¢1e2%dx) = —2¢1dx (6.30)

and its integrability condition does not lead to restrictions on q.
Since function @ is harmonic and it satisfies the boundary conditions

OyPlr—ooc = 0, 0;P|p—0o — 0, (6.31)
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we can write its expansion:

d=Qlogr+0(r 1), 09,0= % +0(r?), 0,0 = % +0(r ?) (6.32)
and generically we expect to have a nonzero value of ). Comparing this with (.11]) we
conclude that geometry asymptotes to AdS7 x S* with L = Q/3 /2, then the analysis of
section [] implies that ¢ = 1.

Similarly for solutions with A = 0, 4 = —27 we find that in addition to the solu-
tion (B.29), there exists an AdS7 x S4 branch corresponding to ¢ = —2: it can be found by
interchanging the spheres in the previous paragraph.

Let us summarize the results of this subsection. We showed that an asymptotic be-
havior of a generic solution can be modeled by the boundary conditions (.1§) imposed at
large values of |z|. In the case of nonzero A one finds two different behaviors: for A = 2
the equations can be formulated entirely in terms of the warp factors and they lead to
AdS, x ST asymptotics, while for A < 2 one needs to solve the system (E4)-(EI0), (EI1D)
along with equations (p.26). On the physical grounds we expect such solution to exist for
some value of ¢ = q(u, A) although we have not demonstrated this fact. For A = 0 we found
a simple relation (6.29) between p and ¢ and in the special cases p = 0, —27 we also saw
an existence of special solutions with AdS7; x S* asymptotics.

The goal of this subsection was to illustrate how an asymptotic behavior of function
® fixes the values of ¢; and co: we expect that the boundary conditions for ® determine
the solution completely and in particular they should lead to the unique value of q. We
did not prove this fact rigorously, but the discussion presented here gave some evidence for
such proposal. It would be nice to study this problem further, in particular it would be
interesting to find some explicit 1/2-BPS solutions which do not asymptote to AdS,, x S™.

7. Decompactification limits

In the last three section we discussed various branches of the geometries with SO(2,2) x
SO(4) x SO(4) symmetries. While we were not able to write the explicit solutions, we
showed that the metrics were uniquely parameterized by a harmonic function with well-
defined boundary conditions. The difficulty in solving the differential equations stems from
the fact that a spinor has a nontrivial dependence on the sphere and AdS coordinates, and
one may hope that if these manifolds were replaced by flat space, then the equations would
simplify. Such simplification indeed happens, moreover in this limit one recovers some
geometries which were constructed before. We explore such relations in this section.

If a geometry has a sphere (or AdS) factor, one may consider a limit when the radius
of such sphere goes to infinity. To keep the resulting metric finite, the coordinates on the
sphere should be rescaled, this leads to a replacement of S™ by R™ in the metric. Such limit
leads to simplifications in the equations for the Killing spinor: for example the derivative

along AdS3 space is given by (A.5), (A.6):

1 1
Vgn = 56 AFH'ymn — iy“m({“)MAn, (7.1)
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and rescaling A by an infinite constant factor, we find the derivative on R"?:

1
Vil = =57 0 An, (7.2)

ABC)

Since the metric ({.1) has three warp factors (e, P, e“), it seems that one can rescale

them independently. However for function e defined by ([.3) to remain real, a decom-
pactification of any of the spheres should be accompanied by sending e to infinity. Thus
there are three different ways to perform decompactifications, they produce geometries
with 1S0(2,1) x SO(4)%, ISO(2,1) x ISO(3) x SO(4) or ISO(2,1) x ISO(3)? isometries.
We consider these cases separately.

7.1 M2 brane with mass deformation
We begin with sending e” to infinity while keeping the other warp factor fixed. To be more
precise, we consider a rescaling

et = At = A wtiy - Matiy), i oA = Ag fo— Ao

and take a large A limit. Notice that both ¢ appearing in (f.9) and f should be rescaled
to yield a nontrivial solution. Sending A to infinity, we find a simplified version of the

system (I3)-([L0):
ds® = eQAdwiz +e?Bds? + eQCdSQS~ + gZ(de + dy?) (7.3)
Fy = dfi A dPw + dfy A dQs + dfs A dQs

y = 6A+B+C’
gt = y\V/e 2B 1 ¢—20
el = \/e2A — ¢2(e2C + ¢2B) (7.4)
dfi = —2¢°ye** = « d(B - C) + de** T, fr =ttt (7.5)

dfy = _262,492(1(620 + e2B)dy
AP dfy = 24P dfo + 2ge  d(2B + C) — e dfy
A3 s = 2747 Cdfy 4 2¢eP * d(2C + B) + qe“34df,
el 3B wdfy = qe“PAdfy + e A dfy + 2¢e® x d(2B + O)

3w dfy = qeP3Adf) — e Bdfy — 2qe” * d(B + 20) (7.8)
a1 eA o eF Led . B_C _ qu+B+C 40 p _4B J 79
Ogm— * darctan e ——m [6 * f3+€ * f2:| ( . )

Here dw%,2 is a metric on B! and d®w is a volume factor on the same space. Notice that
parameter ¢ can be eliminated by an appropriate rescaling of w;, e?, ef’, f1, fo, so without
loss of generality we can set ¢ = 1.
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It turns out that the solutions of the form ([7.J) were studied in the past [Bg, [[d] and
it might be useful to relate the system ([.d)-(.§) with description presented in [[L3]. To
make the comparison we parameterize the warp factors of the spheres in terms of e?,y, €&
and introduce a useful function h:

62B — ye—A-i-G’, 620 — ye—A—G’ h—2 — y(eG’ + B_G) (7‘10)

It is also convenient to parameterize ef” by a function V and rewrite the relations (f.4) in
terms of new variables:

V= —h2ef4. h2y? = p? — 734, g;l = A2p! (7.11)

The equations ([.5) take a very simple form:
fi=—-h"234Y, av' = —2yh'V 2 % dG, (7.12)

and the last relation can be rewritten in terms of the complete differentials:

1 1
ydV = —=xd

2 Te26 41 (7.13)

The integrability conditions for this equation imply an existence of a function z which
satisfies a linear differential equation, and the warp factors can be recovered from it:

1 1
=3 tanhG: d(y 'xdz) =0, ydV = 5 * dz, e3A=n2-h72V2 (7.14)

These relations as well as the expression ([[.13) for f; are in a perfect agreement with
geometry presented in [LJ]. To recover the fluxes on the spheres one should solve ([F.6)
(fo = —2x) and treat five equations (.7)-(F.§) as an overdefined system for fo, f3. We
do not present the details here, but straightforward computations allow one to recover the
flux found in [[[J:

—3A

Fy = —d(h 2PAV) A dBw — S—

1 [6736‘ s« d(y?e2) A dQs + €39 % d(y?e %) A dQs

To summarize, we showed that by sending the volume of AdS space to infinity, the
system ([.3)—([10) leads to the metrics produced by the mass-deformed theory on M2
brane [BY, [[]. We see that the geometry is again parameterized in terms of a harmonic
function z, but in this degenerate case one can write explicit expressions for the warp
factors in terms of z. Let us now discuss other decompactifications.

7.2 Relation to Russo-Tseytlin solution

In this subsection we look at the geometries with I50(2,1) x I50(3) x SO(4) isometries.
Starting with general solution ({.1))—(#.11)) one should make a rescaling:

(eAaeB’eF) - A(BA’BBaeF)? (m + Zy’ fO) - AQ(x + Zy’ fO)a (flaf?) - Ag(fl,f2)(715)
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and take a limit A — oco. Then AdS space an one of the spheres are replaced by flat three
dimensional spaces and we arrive at the system:

ds* = 62Adw%,2 +e2Bdz2 + 2Cd02 + gj(dac2 + dy?) (7.16)

Fy = dfy NdPw + dfa A dz + dfs A dS3 (7.17)

y = eATBHC, g;l =ye O e = \/e2A — 2e2B (7.18)

dfy = de**=F, f = 2AHF (7.19)

dfo = 20262A+2392dx (7.20)

eA_gBdfg = CQ@B_gAdfl (7.21)

A3y = 2e7A7Cdfy — 2c9¢® % d(2C + B) (7.22)

el 3B s dfy = e A Cdfy — 2c0¢® « d(2B + ) (7.23)

e3¢ w dfs = —cpeP344f, (7.24)
oA _ oF eFHB+C

dlog A oF — A artet * dfs (7.25)

We begin with analyzing a degenerate case of co = 0. Then conditions for supersymmetry
written above lead to the following solution:

ds® = eZAdW%Z + e A |ye¥dz2 + y~te Y (y2dO: + da® + dy?) (7.26)
Fy = de’? A dw

A

The functions e? and e“ are still undetermined, and to find them one has to look at the

equations of motion. They lead to the relation ¢ = y and to the requirement that e=34

is a harmonic function on a five-dimensional space with metric

ds? = y2dQ3 + da® + dy? (7.27)
Thus we arrive at a solution describing M2 branes smeared in three transverse directions
Zi.

If ¢o is not equal to zero we can set ¢ = 1 by rescaling fluxes, warp factors and
coordinates. It is convenient to parameterize the warp factors by two functions f and k:

eFT24 — =1 24 _ p1/30-2/3 (7.28)

Then the integrability condition for equations ([.19) gives a relation between these functions
and an arbitrary constant c:

c=etATF _Q2ATE — pp=2p ol k=1+cf (7.29)
We also evaluate the remaining warp factors:

2B = 2A _2F _ 2A(] 2764y — g2/ 713 20 _ o~ 23 (7.30)
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Equation ([7.21)) leads to the expression for fo:

dfz = %df‘1 : f2=1 fcf = % (7.31)
Further we can simplify the equation ([(.24):
sdfy = —BC—FHB=3Agqe — _~1,3 21 (7.32)
The integrability condition leads to the Laplace equation for f:
d(y® * df) = 0 (7.33)

and we can recover the complete solution in terms of this function:

. . 1 -
ds® = (k)3 [f dady + k' dad] + G 202 + da? + dy2] (7.34)

F :df’l/\d3w+d£Ad3z—c’1y3*df/\d£~23, k=1+cf

This solution was originally derived in [B9] using T dualities and rotations. We did not
look at equations ([7.22), ([7.29), ([7.25), but one can easily see that they are satisfied.

7.3 Complete decompactification

Finally let us send the radii of AdS and both spheres to infinity and look at solutions with
IS0(2,1) x ISO(3)? symmetry. The rescaling of the warp factors and fluxes is obvious:

(6A76B7ec7eF) HAA(eA7eBanaeF)7 (f17f27f3) _>A3(f17f27f3)7 (735)
then from ({.3) one finds that y — A%y, g, — A~2g,. This implies that to arrive at

nontrivial regular metric the differentials dz and dy should scale as A?. A different scaling
of y and dy implies that in the leading approximation vy is a constant:?!

x+iy — iNyg + A% (z +iy), d(z +iy) — A%d(z + iy) (7.36)

This implies that fy scales as A% while ¢1, ¢ do not depend on A. We also notice that in
the large A limit the relation ({.d) between these two numbers disappears and they become
independent (this can be seen from the relation (JA.32) with a = b = ¢ = 0). Making the

AThe fact that yo = e*T5+C becomes a constant in this limit can also be seen directly from the
equation (JA.13) once we set a = b= ¢ = 0.
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rescalings described above and taking the limit A — oo in (1)~ ({.11), we find

ds? = eQAdW%Q + e2Bdud + e*Cdv3 + gz(de + dy?) (7.37)

eATBTC — el = \/62A — 320 — 2e2B (7.38)
dfy = —2eAg§ [—eF+B+Cdy + eA(cle2C — 0262B)dm]
dfi = 2c1c0e*472F d(B-0C)+ de*A= T
fi = 2ATF (7.39)
eA3Bdfy = 2¢1e” % d(2B + C) + coeP7344fy (7.40)

eA3C0fy = —2c9eP % d(2C + B) + ¢1e°734df,
el 3B s dfy = 19734 df) — 2c0eP % d(2B + C)
eF'3C wdfy = —ceP34df) — 2¢1e x d(B + 2C)

A F B eF+B+C

Co€ _ _
+ 4 * d arctan Ciec = A F [coe™4 5 dfs — cre™*P x dfs] (7.41)

e p—

dlog ——=
08 eA + el
We begin with degenerate case ¢; = 0. Then the equations (7-39)—(-41) reduce to a
modification of the system (F.19), [.21))-([7.25) with fo = 0 and eA+B+C = 1. Repeating

the derivation of ([.34), we conclude that in the present case one finds another version of
22

the Russo-Tseytlin solution:

_ _ 1
d82 = (k‘f)l/s [f 1dw%,2 + k 1d11§] + W [dV% + d$2 + dy2] (742)

Fy = df‘l/\d?’w—i—d%/\d?’u—c_l*df/\dgv, k=1+c¢f, dxdf =0
Assuming that neither ¢; nor ¢y is equal to zero, we can rescale the warp factors and

the fluxes to set ¢; = ca = yo = 1 in (7.38) and ([7.4(0)—([7.41]), then the solutions are labeled
by one parameter ¢ which still appears in (.39):

dfy = 272« d(B — C) 4+ de**~F,  f = 2AHF (7.43)

One can use ([7.3§) to introduce a convenient parameterization of the warp factors:

2B _ o~ AtC

e 20 = e A7G 2 =2 _9e A cosh G = 2472 (7.44)

Substituting this into ([7.43), we find a relation

dlf(e€ +e %)) =—2¢ f2%dG: d {f( !

&

We conclude that the solution is parameterized by a harmonic function z and a field V
which is dual to it:

1
=3 tanh G, dxdz=0, dV =—cxdz, V'i=—f(e%+e %) (7.46)

22 As before, the ”doubly degenerate” case of ¢1 = c2 = 0 corresponds to a metric of M2 brane. We also
notice that to determine gy in (), () one needs to look at the equations of motion.
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To compute the warp factors in terms of z and V, we introduce a function h=2 = €% + e~ ¢
which can be easily recovered from z. Then using the definition of f we find:

e A= P2 _p2Y2, 2B ARG Q20 — ot AG oF — _yp2eA (7.47)

This solution can be viewed as a limit of the geometry discussed in section [.1 To be more
precise, we start with relations (7-10), (7.11]), (F.I4) and make a rescaling

(€7, e9) = A(eP,e9), w4iy — iNyo+ Az +iy), (B, V,e7>4) = A2 (02, Ve

After sending A to infinity, we can rewrite ([.10), (7.11)), ([.14) as

P =yoeMC =y Y h =g+ e ), e =—VhTet (7.48)

1 1
¢=tanh G dxdz =0, yodV = 3+ dz, e 34 = p2—p2y?

Additional finite rescaling brings this system to the form (7.46), (7.47). One can show that
the fluxes determined by (7.40)—(7.41) are matched by the decompactifying the solution
discussed in section [7.1] as well. For completeness we write down the resulting geometry:

ds® = eZAdW%Q +e 4 [eGdug + e Ydv2 + h¥(dz® + dyz)} (7.49)
—3A
Fy = —d(3h2V) A dBw — eT [e_gG s de?% A d3v 4 €39 x de 29 A d*ul

1 1
h2=e+e % 2= 5 tanh G, dV = xdz, e 34 = p? — p2y?

Notice that the harmonic function z is defined on the entire (z,y) plane, so to have nontriv-
ial solutions this function should have sources in this plane. This implies that e diverges
at some points and the solution cannot be regular since a warp factor in front of R? cannot
go to zero without creating a singularity.

One can also look at ten dimensional geometries which are dual to Wilson lines in N =
4 SYM. The relevant solutions with SO(2,1) x SO(3) x SO(5) isometries were constructed
in [[[§], and it might be interesting to analyze their behavior when various warp factors
are sent to infinity. These metrics and their decompactification limits are discussed in
the appendix B, where it is shown that three possible geometries can be recovered: they
describe either fundamental strings, D5 branes, or D3 branes with fluxes. The latter
configuration was introduced in [id, []] as a dual description of a non-commutative gauge
theory.

This concludes the discussion of geometries with SO(2,2) x SO(4) x SO(4) isometries
and now we will turn to the solution describing M2 branes in AdS; x S”.

8. Solutions with SO(2,1) X SO(6) isometries

In section B.1] we considered one dimensional defects in the field theory dual to AdS, x
S7. We saw that the bulk description of such defects was given in terms of M2 branes
which preserved SO(2,1) x SO(6) symmetry. As number of M2 branes becomes large,
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they are expected to produce changes in the geometry and in this section we describe
the relevant metrics. Fortunately one can easily find the local geometry by making an
analytic continuation of the metrics which are already known. We begin with recalling
eleven dimensional supersymmetric solutions with SO(3) x SO(6) isometries which were
constructed in [[L3:

—4X

dé’%l = —462>\(1 —|— y2€_6>\)(dt —|— szdxz)Z —|— Heyﬂ [dy2 —|— eD(dac% —|— dﬁ%)]
+4e*AdOZ + yPe N
- Oy D 1
F, = F A d*Q A VT V= —¢,0:D 1
A A , € y( = y9,D)’ V 26]8] (8.1)

The solution is governed by one scalar function D which satisfied a continual Toda equation
(0f +03)D + 0;¢” =0 (8.2)

and the two-form F is expressed in terms of derivatives of D (we refer to [[[J] for the
details). To construct the geometries with SO(2,1) x SO(6) isometries one can perform a
following analytic continuation:

dQ% = da? + cos? adg® — —(d042 — cosh? ad¢2) = —dH22, Yy — iy, xT; —ix;

The new solution becomes:23
‘ o—4X
dé’%l = 462)\(2/2676)\ — 1)(dX + V%deZ)2 + m [dyQ —|— eD(dx% + dx%)]
+4e2M 02 + e NdH2 (8.3)
F, = F ANd*H,
e—ON — 9yD
y(yGyD - 1)’

1
. 1 .
F =d|-42e 5 dx + V)] +23 [e_Dyz((?y;@yeD)dy + 40,0, Ddz’

Notice that the Toda equation (B.9) is not affected by the continuation, one can also see
that the two-form F which appears in the new solution is real. It is interesting to note
that the expression for the metric does not change if y is replaced by z = —y: such
reparameterization simply changes the sign of the flux. Locally the relations (8.3) give a
unique solution for any function D which satisfies a Toda equation (B.J). However to avoid
singularities, one should also add some global constraints on function D.

We begin with observing that a coordinate y is related to the radii of the sphere and
AdS in a very simple way: y = %RQR%. Since AdS space cannot contract in a regular
way, we conclude that y can be equal to zero at a certain point if and only if the five

ZWe also made a replacement ¢ — x to stress the fact that now x is a spacelike coordinate.
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dimensional sphere goes to zero size at that point. In particular this implies that the space
“ends” there, i.e. one should exclude negative values of y (alternatively, one may consider
y which never becomes positive). In order to avoid singularities at such points, the AdS
warp factor (we call it Rs) should remain finite, then e?* = y/Ry, e ~ y and

e 2 o2 L [dy? 2

The expression in the square bracket gives a metric on a patch of the flat RS, this demon-
strates regularity of the metric in (y,S®) subspace. It is easy to see that the remaining
part of the metric also remains regular as y goes to zero. To summarize, we see that to
preserve regularity at y = 0, the five sphere should shrink to zero size and e” should scale
like y. The same condition was derived for the original solution (B.]) in [[[J], however in
that case there was also a possibility for S? to contract as y approached zero and now we
don’t have this option. However, in the present case gy, can go to zero at certain points
away from y = 0, and additional regularity conditions should be imposed at such points.

Let us consider a vicinity of a point where y = yo > 0 and y?e~%* = 1. In this region
it is convenient to rewrite the first line in the metric (8.3) in terms of D:

ds? = e~ [W(dx + V;dz")? + (yo,D — 1) (dy* + eP (dx? + dm%))}
V, = 2e,;0,D y?e 0 =1+ L
o2 yo,D — 1

We are interested in the vicinity of the point where 9, D goes to infinity, then the leading
contribution to the above metric can be written as
_ 4 <
dsi ~ y, 1/3 [a—D(dX + V;dz")? + 0, D (dy* + eP (dx? + dx%))} , (8.5)
Y

while the Toda equation (B.9) and relation between D and V; (B.3) still hold. We observe
that the metric in the square brackets describes a four-dimensional hyper-Kahler manifold
with a rotational Killing vector [42).

In it interesting to note that there is an alternative way of recovering hyper-Kahler
manifold from the solution (B.3):2* one begins with making a shift in D

D(z1,32,y) = D(z1,22,9) — 2logC, §=Cy (8.6)
and then takes a limit where y goes to infinity while C'y!/? is kept fixed. This leads to the
four dimensional hyper-Kahler metric
1 4

ds? ~ ——— _
Ty B | 9,D

(dx + Vida')? + 03D (dg2 +eP(da? + dxg)) (8.7)

While this expression is similar to (8.5), the effects of the two limits on the remaining part
of the metric are different: the scaling (B.6) leads to decompactification of AdSs and S° at
large y, while (B.§) corresponds to finite radii. Another difference between the two ways of
recovering a hyper-Kahler space is hidden in the nature of the limits: the derivative d,D
should go to infinity in (8), while 95D remains finite in (§7).

24This construction was introduced in [B] for the solutions with SO(2,4) x SO(3) isometries.
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8.1 Boundary conditions

Let us go back to the hyper-Kahler metric (B.H) and analyze the constraints imposed by
regularity. The space should locally reduce to R*, so it might be useful to start from a flat
metric:

dSﬁat = dr? +r2d6?* + r%sin? 0d¢? + r? cos? Odi)? (8.8)

and rewrite it in a form similar to (8.5). There are two non-equivalent ways of doing this,
and they lead to two types of boundary conditions. We begin with observing that a Killing
spinor on (B-§) has a nontrivial angular dependence:® € ~ exp [4(¢ +1)]. The Killing

spinor on (B.§) depends on x as 7 ~ eX/2 g0 we can make two different identifications:

I: ¢=x Y =a
II: ¢=2x+a, $=—x

One can also look at more general linear relations with (0y¢,0,%) = (n+1, —n), but they
lead to conical defects if n > 1. Let us consider the consequences of two identifications.

Type I boundary condition. Rewriting the flat metric in a form similar to (B.5), we
find:

1
ds3,. = 4Ydx* + v [dY? + Y (d2? + 2*da?)] (8.9)

Here we defined Y = ir2 sin?@, x = rcosf. Comparing with the expression in the square
brackets of (B.H), we can make identifications:

x4 ize = xe®, P =Y =y—y (8.10)

If the four dimensional geometry combines into a patch of flat space using this mechanism,
then the x circle should shrink along the plane y = yg. Then the three-dimensional space
(71,2, y) terminates at this plane and the geometry is described by the Toda equation (B.9)
at y > yg along with boundary conditions

D ~log(y —yo), ¥ — Yo (8.11)

Such boundary conditions lead to different types of the solutions depending on the sign of
Yo-

If yo < 0, then coordinate y varies over a finite range: yy < y < 0 and Toda equa-
tion (B.Z) should be supplemented by two boundary conditions:

e’ ~(y—m0), y—ouwes P~-y y—0 (8.12)

This situation is depicted in figure [[(a: a five dimensional sphere contracts on the upper

plane and the x circle shrinks on the lower plane. One can see that the geometry is regular

**In fact there are also spinors which have different combinations of U(1) charges: (+1,+1), but the
same arguments apply to them as well.
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€Y (b)

Figure 10: Type I boundary conditions: (a) negative value of yy leads to solutions with finite range
of y; (b) for positive yo one should be able to find regular geometries with AdSy x ST asymptotics.

everywhere as long as condition dyD > 0 is satisfied between the planes. While this
inequality holds on the boundaries, a better understanding of Toda equation is required to
prove it in the bulk. It would be very interesting to study this class of smooth geometries
in more details, but since such solutions do not asymptote to AdS, x S7, we will not discuss
them further.

A positive value of gg in the boundary condition (B.11) leads to another class of
geometries: the five-dimensional sphere never collapses to zero size, while the x circle
should shrink along the plane y = yo (see figure [[(b). The allowed range of parameters is
y > yo > 0 and one needs one more boundary condition at large values of y. This condition

can come from the AdS; x S” asymptotics (see (B:29)):

D Y -1
e’ =13 +0(r ) (8.13)
It would be very interesting to construct solutions with these boundary conditions and find

a clear physical interpretation of the parameter yg. We will not attempt to do this here.

Type II boundary condition. Let us now introduce a reparameterization of type II
and rewrite the flat metric (B.§) in terms of y and «:

X2%da 2
ds?.. = 4X?+Y?) |d ———
1 2vy2 2 2 2 2 2
Ty XY’ + (X7 +Y?) (dX2 + 4dY?)]

1
X =rsinf, Y = 57“008(9
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Using some guesswork, we can find the canonical coordinates and function D:

X? . 1
r=XY?% y= 5 = Y2 4y, a1+ izg =xe, P =—. (8.14)

One can check that this choice leads to the correct relations:

Iyx = ayiD, Vo = —%x@wD
The x circle shrinks to zero size when both x and y — yg are equal to zero, this happens at
a point in (1,2, y) space. However we see that e” goes to infinity not only at that point,
but also along the line x = 0, so one might suspect that a geometry becomes singular on
this line unless some additional restriction on D is imposed. In the case of the flat space
the singularity is avoided due to a boundary condition on a half-line:

D~ —logz, =—0, y>y. (8.15)

One also notices that x circle collapses at the end point of this line.

It appears that for a general geometry, the relation (B.19) is sufficient to guarantee
regularity and one does not need to impose an extra condition at y = yg. It is interesting
to compare this situation with regularity condition for the geometries with SO(2,2) x
SO(4) x U(1) isometry. In [3] such geometries were constructed in terms of harmonic
function (rather than a function satisfying Toda equation which we have here) and it was
also shown that U(1) circle collapses at a point in (z1, x2,y) space. The regularity required
the harmonic function to have a pole with specific residue at this point (see [i3] for details).
In the present case it seems that we do not need any special restriction at a point, but
rather we need a boundary condition (B.19) on a line approaching the point.

So far we assumed that the geometry combines into a patch of flat space near a point
(x1,22,y) = (0,0,10) by mean of type II identification, this led to the conclusion that e”
diverged on a vertical line (at least in the vicinity of (0,0, yo) where the flat approximation
was valid) and regularity led to the requirement (8.15). In particular we conclude that
for any regular solution which has a collapsing x cycle, there always exists a line where

eP diverges. Let us show that this line must have a form (z1,2s) = (xgo),mgo)) and that

a condition (B.19) should hold in its vicinity. To demonstrate this we take an arbitrary

2

internal point (x1,x2,y) = (xgo),xg)),y(o)) on this line where e?* and Gxy must be finite

and non-zero. In particular this implies that d,D is bounded, so one can decompose D
into divergent y-independent piece and finite contribution:

D = Doo(x1,22) + Dy(x1,22,9) (8.16)

It is convenient to use polar coordinates (z, o) with an origin at (xgo), xgo)) since D, should
only depend on z. Let us look at the Toda equation (8.9):

AyDoo + Ap Dy + €P>07ePr =0
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Assuming?® that (93617 f # 0, we find that the first term in the last equation should vanish,
this implies that D, = clogx and we arrive at an equation for Dy:

1 L o 2 D
;ax(xam) + ﬁaa Dy + 20,7 =0
At a generic point on a ”"singular line” we expect to have a good expansion for Dy:

Df = Do(y) —i—xDl(y) + ...

which implies that ¢ = —1. In other words, we showed that near any internal point on a

”singular line” one has an expansion

D = —log|x — x| + Dy(y) + ... (8.17)

This implies that e” vanishes along a straight line (z1,z2) = (xgo),xgo)) and the last

equation is equivalent to the boundary condition (8.14). One still needs to show that
near this line the space remains regular, but this will become obvious from the coordinate
transformation which will be introduced below (it will make the value of e” finite and
non-zero in the internal points of the rod).

To summarize, we found that the type II conditions should be imposed along vertical
lines which terminate at some positive values of y, so the regular solutions in this sector

are parameterized by the set (x(®),y®):

D ~logy, y—0
D~ —loglx—xP|, x—xO y>yD >0 i=1,...n (8.18)

The pictorial representation of these boundary conditions is given in figure [[fla. While
the conditions (B.1§) came out in a natural way in the analysis of regularity, it turns out
that there is an alternative way of writing the solutions which makes a comparison with
brane probe a little easier. We will now discuss the transformation which leads to such

”complementary” description.

Type II boundary condition: complementary formulation. The boundary condi-
tions (B.1§) are imposed in y = 0 plane and on the semi-infinite rods which extend from
some value of y to infinity. It is reasonable to assume that each rod corresponds to a stack
of M2 branes (this assumption will be confirmed by a more detailed analysis in section B.J),
then it is natural to look for a description of a probe M2 brane. It seems that an addition
of an extra brane changes the boundary conditions (B.1§) in a very radical way: one needs
to introduce a rod which goes all the way to infinity. While the objects with very low
co-dimension are expected to cause such drastic changes (for example, this is the case for
a domain wall in SYM3; [15, [Ld]), probe M2 branes should not modify the AdS; x S”
asymptotics. This implies that the rods which extend to infinity should not introduce sig-

nificant changes to the geometry at large values of y. It turns out that one can rewrite the

26This is not a crucial assumption, and we are making it only to simplify the argument.
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(a) (b)

Figure 11: Two formulations of Type II boundary conditions: (a) description () is convenient

for proving regularity, but it leads to infinite rods; (b) complementary formulation (8:2d) has a
natural interpretation in terms of the probe branes.

solution in a different form, which makes it clear that the modifications of the metric are
localized.

We begin with recalling the action of conformal transformations in (x1,x2) plane on
the solutions of Toda equation. Let us consider two coordinate systems which are related
by a holomorphic map: z + iza = f(z} + iz). Then starting with three dimensional
metric in (z1, z2,y) space, one can rewrite it in (2}, 24, y) coordinates:

ds? = dy? + P (da? + da) = dy? + P ((da))? + (dah)?), D' =D +log |0f?

An important property of Toda equation is that if D satisfies (8.J) in variables (z1,z2,y),
then D’ satisfies the same equation in variables (2], z%,y). In particular we conclude
that two solutions of the Toda equation which differ by a logarithm of any harmonic
function f(x1,z9) lead to the same two dimensional metric. Moreover, since the conformal
transformation written above does not change y or d, D, the warp factors and g, appearing
in (8.3) are not affected by it, while V; is shifted in a very simple way.

We can now use this "gauge transformation” to find an alternative set of boundary

conditions. Let us start with function D obeying (B.1§) and introduce H(z1,x2) as a
solution of an equation

(8% + 8%)1—[ == Z 5(X - Xm)? H"T%‘FZB%*)OO =1 (8'19)
i=1

Notice that due to the maximum principle, this function never vanishes. Then one can
find a new solution of Toda equation D: eP = H~'eP and e remains finite everywhere.
This function still vanishes at y = 0, but in addition it also vanishes on the rods which are

complimentary to (B.1§): x = x@ y < 3y Since D describes the same solution as the
original D, we conclude that there is an alternative set of boundary conditions which lead
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to regular geometry (we drop the tilde from D):

D ~logy, y—0
leog]x—x(i)\, x—=xD y<y® i=1,...n (8.20)

One more condition should be added at at infinity, and to have AdS, x S asymptotics we
require

el ~y, 22 +y? — oo (8.21)
These boundary conditions are depicted in figure [[b and in section we will use them
to make a connection with probe M2 branes discussed in subsection B..

8.2 Example: AdS, x S”

As an example of the construction described above, we will rewrite the AdS; x S” metric
in terms of parameterization (8.3). Starting from the metric (B.1), and looking at the warp
factors of AdSs, and S°, we find the expressions for y and e?*. This allows one to write Gxx
in terms of (p,#) and extract the relation between ¢, and x:

p=x, Y=2x+a (8.22)

Notice that at this stage there is a certain ambiguity in defining v (we can shift x or rescale
a) which corresponds to the gauge freedom in V;. This freedom was fixed in a particular
way in the solution (B-J) and it turns out that coordinates (B.22) lead to the same gauge
choice as (B.3) (see (B-24))).

At this point we know the explicit expressions for three coordinates (y, x,«), so one
can define the last coordinate z to be orthogonal to them. Rewriting the metric (B.1]) in
terms of (z,vy, x, @), we can read off all ingredients appearing in (B-3):

z = L3sinhpcos?0, y=L3coshpsin?0, z1+izy = ze™®
sinh? p da

1
2 sinh” p + cos2 0

eP =tan?0 (8.23)
Gy = 4L%(sinh? p + cos? 9)

One can check that D satisfies the Toda equation (B.J) and the relations (B.J) between
e~5% V and D hold. For example, one can check that (B:29) and (B-J) are written in the
same gauge:

sin @ sinh p oD — — sinh? p _ EV (8.24)
= ==V, .

0,D = —
* 2L3 cos f(sinh? p + cos? 0) 0 z(sinh? p + cos20) x

It is clear that this solution satisfies the boundary conditions (B.1§) with n = 1:

D ~logy, y—0
D~ —logz, x—0,y>L5 (8.25)
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which corresponds to one stack of M2 branes. We also extract the behavior at infinity of

(z1,22,y) space:

DY +O0Y, r=v22+y? — oo (8.26)
T

This condition should be imposed on any geometry which asymptotes to AdSy x S7.

We see that in terms of the general description (B.1§) this geometry corresponds to
one rod which extends from y = L? to infinity, one might have suspected that this would
be the case since we have only one stack of M2 branes. One can conjecture that additional
stacks of M2 branes lead to more rods extending to infinity. However this picture is not
very intuitive in the present coordinates: since N scales like LS, it seems that to add an

27 one should introduce a rod which goes from infinity to y ~ Vk.

extra stack of k branes
In particular as k goes to zero, one is left with an extra rod going to y = 0 which was
not present in the original description (B.28) of AdS; x S7. As explained in the previous
subsection, even with this extra rod one gets AdS; x S7 geometry, but it is written in a
non-conventional gauge for D, to recover (B.25) one should use a complimentary description
at least for the probe branes. When the number of probes becomes large, it is impossible
to make a distinction between the M2’s which created AdS,; x S7 and ”extra branes”,
so one should go to the complimentary boundary conditions (B.25) for all stacks, in this
description AdS, x S” has the following parameterization:
L3

] +ixg = 7\/sinhpcos 9e'*/? P =sinhpsin?6, ¥ =x— % (8.27)

and the expressions for y and various warp factors remain unchanged. At large values of p
we find an asymptotic behavior of D:

Yy _
eP = 73T o(r™h (8.28)

Pictorially the boundary conditions for AdS7 x S* solution (B.27) are represented by one
finite rod.

8.3 Relation to the brane probes

Let us connect the gravity solutions described here with brane probe analysis of section B.1]
We begin with AdSy x S7 (which corresponds to one rod at x =0, y < L? in (B.20)) and
introduce a small change in the boundary condition:

D ~logy, y—0
D ~loglx|, x — 0, y < L3 leog|x—x(1)|, x—xW y<y < L3

The extra rod is located at x() = (R cos %, Rsin %) and for very small value of y; it

degenerates into a point (z1,x2,y) = (Rcos %, Rsin 4-,0). Using the map (§.29), (B.27),

2"We assume that the AdSs; x S7 is created by N branes and add k < N extra M2’s. Notice that one
should not consider the limit of small N, since it leads to singular geometry. To recover the flat space from

AdSy x S7, one should take N to infinity, which means that a single rod starts at a very large value of y
and goes to infinity.
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(a) (b)

Figure 12: (a) To construct a non-contractible seven-manifold one should fiber S° over two-
dimensional cap covering a rod.
(b) To compute a flux over such manifold it it convenient to deform a cap into a thin cylinder, this

leads to (8.3(]).

we can find this location in the more standard coordinates on AdSy x S7:

2

4R
6=0, sinhp=—g, ¢:>z+%, W = 2% + 2a, (8.29)
In other words, we find that ¢ = 2¢ + a1, so one recovers a location of a probe M2

brane (B-J). If we put many such branes on top of each other, the rod at x = x() starts
growing and it is interesting to find the relation between its length and the number of
branes.

To compute the number of M2 branes one should evaluate a value of a flux over some
closed seven-manifold. It is easy to identify such manifolds for a solution with generic
boundary conditions (8.2(]): one can take any rod and cover it with a cap terminating at
y = 0 (see figure [Ja). This gives a two dimensional surface and one can attach an S° fiber
over each point of this surface. Then restricting the metric (B.d) to this seven dimensional
space, one finds that the resulting manifold is smooth and compact (since S® degenerates
on y = 0 plane). One can smoothly deform such manifolds into each other, but to avoid
singularities, the two dimensional surface cannot touch the rods. This gives a topological
classification of the 7-manifolds in the geometry: there is one non-contractible S for each
rod. Once the seven manifolds are classified, one can compute the flux of *Fj; through

them. In particular we can deform a single cap into a small cylinder surrounding the rod
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(see figure [[3b), then the expression for the flux becomes especially simple:
/ *xFy = Q5/ 27TePA=D (426X 1) (dx + V) A 8, (y 1 9yeP)dy
V7 32

7 v 122Dy 14 D
=2 71'(25/0 may(y Oye”) (8.30)

x:x(i)

We used polar coordinates x1 +ixo = re®/? in the vicinity of the rod as well as the leading
term in V = %da.

To summarize, we showed that the boundary conditions (8.20) have a nice interpre-
tation in terms of stacks of M2 branes and the number of branes in each stack can be
expressed as an integral along the corresponding rod (B.30). We also reproduced the de-

scription of the probe M2 branes in AdS; x S and found that such branes are placed at

points (z1,z2,y) = %Sx/sinh p(cos 7’Z’;w,sin @, 0) in supergravity description.

9. Discussion

In this article we considered various brane configurations which preserve 16 supercharges
in eleven dimensions. We began with analysis in the probe approximation and showed
that multiple membranes on AdS,, x S™ background expand into M5 branes with fluxes.
This phenomenon have been encountered before for gravitons [[I7, [[§] and fundamental
strings [29, 9. Just as giant gravitons, the M5 branes with fluxes appear in two varieties:
the value of the membrane charge is bounded for one class of M5s and it can be arbitrarily
large for another. We also saw that supersymmetric branes corresponding to the defects
in field theory preserve either SO(2,2) x SO(4)? or SO(2,1) x SO(6) symmetries and we
constructed supergravity solutions for both cases.

We showed that the metrics with SO(2,2) x SO(4)? isometries are completely specified
by a harmonic function of two variables and we classified the boundary conditions which
lead to regular solutions. It turns out that the geometries have a very rich topological
structure which can be read off from the boundary conditions and the brane probes are also
encoded in these conditions in a very natural way. Our discussion focused on solutions with
AdS, x ST and AdS; x S* asymptotics (in this case the amount of preserved supersymmetry
is enhanced at infinity), and it would be very interesting to study more general asymptotic
behavior.

The geometries with SO(2,1) x SO(6) symmetry are constructed by analytic continua-
tion of the solutions derived in [[LJ] and they are specified by one function satisfying a Toda
equation. While such continuation gives a good local solution, the regularity conditions
found in this paper are different from the ones given in [[[J since the topological structure
of the solution is altered. By requiring regularity, we arrived at two classes of boundary
conditions (called type I and type II) and one of them recovers all known brane probes.
The other condition changes geometry in a more drastic way and it would be very nice to
find its interpretation.

Our results can be extended in various directions. From the point of view of AdS/CFT
the most natural generalization involves fixing of AdS,, x S™ asymptotics and looking for
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states preserving 8 or 4 supercharges.?® This problem is notoriously hard and only partial
progress has been reported in AdS3 x S% [4] and AdSs x S° []] cases. Perhaps one
should get a better understanding of those solutions before looking at the M theory setup.
Another interesting extension involves the same brane configurations that were discussed
in this paper and going beyond the near horizon limit. While such exercise is not useful for
AdS/CFT correspondence, it might lead to a better understanding of intersecting branes
in flat space. Finally one can try to look for the backreaction of non-normalizable modes in
AdS,, x S™, they parameterize the supersymmetric deformations of the dual field theories,
so the gravity solutions might teach us something about their dynamics.

In this paper we only discussed a bulk side of the duality and it would be very nice to
find the corresponding nonlocal operators on the field theory side and compare the results.
Unfortunately neither (2,0) theory in six dimensions nor three-dimensional superconformal

theory with 32 supercharges are understood well enough to perform such comparison.
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A. Derivation of 1/2-BPS solutions in M theory

In sections [}, | we discussed various branes preserving 16 supercharges. In particular we
analyzed three classes of branes which preserve SO(2,1) x SO(3) x SO(3) symmetry (see
subsections P.9, B.d and B.2) and in this appendix we construct the supergravity solutions
produced by such branes. Logically the analysis of this appendix is similar to the deriva-
tion of 1/2 BPS geometries in type IIB supergravity presented in [[§], but the resulting
geometries are not related to the ones constructed there.

A.1 Ansatz and equations for Killing spinors

We begin with recalling the equation for Killing spinors in 11 dimensional supergravity:

1
Vil + 5= ™" = 863977) Gy = 0 (A1)

Using analogy with geometries describing Wilson lines, we consider an ansatz with SL(2) x
SO(4) x SO(4) symmetry [[4]:
ds® = e*Adst + e*Pdst + eQCds%, + hyjdx'dx?

Fy = dfy AdHs + dfs A dQs + dfs A dQs (A.2)

Here ds% and ds% represent metrics on unit spheres 53, S3, and ds%{ is a metric on AdSs
with unit radius. We also have an undetermined metric in two dimensions hijdxidxi, and

283ome examples of relevant eleven-dimensional geometries have been constructed in [@]

,57,



all scalars are functions of x1,x9. It is convenient to choose a specific basis of gamma

matrices:

x1,x2 ¢ I'12 =012 ® i,

AdS: T, =03 01 ® 0, Q 1y,

T = 03002015 @00 ® 1y (A.3)
D =03®09 @14 Q oy,

Uy »n

Next we impose the symmetries on the Killing spinors. If we introduce three matrices?®

Ly =TT, g = —il®, Ig=—%00) (A.4)
then the invariant spinors are defined by

. ) b ) .
Ve = ge*AI‘H'yme, Vie= %e*BI‘S'yme, Ve = %efcl“g’yme (A.5)

Here V is a derivative on a unit AdS, which is related to a total derivative as

-y 1
v v _ 57" mOuA- (A.6)

Similar relations hold for the spheres as well. We also introduced three independent signs
(a,b,c): a®> =1b? =c? = 1.

To analyze the equation ([A:]) it is convenient to introduce a matrix G:

1 1, _ . -
s 0= 13l BAPATE +ie B pfaTs +ie ™3 pfsTa] = Gu + Gs + Ga  (AT)
and rewrite (A])) in terms of it
Vo) 4 —— | =S G+ 2 Gy | 1 = 0 (A.8)
mT] 288 Q'Ym 9 TYm | N = .
Taking various components of this equation, we find®°
a —_A 1 )
3¢ FH+§/6A+(GS+GQ—2GH) n=020 (A.9)
ib _p 1
5¢ Fs+§ﬁB+(—2GS+GQ+GH) n=20 (A.10)
e —-C 1 i
56 FQ+§,8C+(GS—2GQ+GH) n=20 (A.11)
1 3 :
V.n+ |:—§’Yﬂ(GH+GS+GQ)+§(GH+GS+GQ)’}/“ n=20 (A.12)
Combining the first three relations, we can construct one projector that does not contain
fluxes:
[ae Ty +ibe PTg +ice “Tq + HA+ B+ C)|n=0 (A.13)
29Notice that these matrices satisty a relation I'g's'ql'1 'y = —1

30Here and below all indices take two values corresponding to x; and x2.
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This suggests a convenient choice of a coordinate: y = eAT5B+C Let us also choose the last
coordinate = to be orthogonal to y, then taking g,, = gg, we can rewrite the last equation

as
1
ae ATy + ibe Pl + ice CTq + —TIy|n=0 (A.14)
Yagy

The square of this projector relates g, with various warp factors:

gy—l =y\v/—e 24 4 ¢2B 4 —2C (A.15)
To restrict the metric further it is convenient to look at various bilinears.

A.2 Scalar bilinears

In this subsection we consider the spinor bilinears which do not carry any indices. The sim-
plest such bilinear is 7, but we can also sandwich any combination of matrices I'q,T's, 'y
between two spinors. This leads to 1 +3 4+ 3+ 1 = 8 independent expressions. Notice that
due to the relation I'gI'gI'q = —I'12, one can use 77TF1277 instead of a bilinear containing
three matrices.

We begin with fixing normalization of 7. To this end we compute

1 3
V' 40" | =5 (=G + Gs + Ga)y + S7u(~Gr + Gs + GQ)] 0 (A.16)

2
Viu(n'n) +0' [u(=2Gr + Gs + Ga) + (2G + Gs + Ga)y]n = 0
Va(n'n) + ' {wa —Se T - %ﬁA} n=0
This implies a normalization nfn = e?. Notice that equation (A.16) will be useful later on.
Next we look at (A.13) and consider various bilinears. The conjugate equation is
nf [ae_APH — ibe BTg —ice “Tq + Plog y] =0 (A.17)
Multiplying this equation by 7,dz#I'sI'on and combining the results with (A.19), we find
dy n'TsTan=0: n'TsTan=0 (A.18)

Similarly, multiplications by Mn with various M lead to relations

n: nt [ibe*BPS + ice*CFQ] n=0 (A.19)
Tyn: 77Jr [aefA —ibe BTy — z'ce*CI‘QI’H] n=0 (A.20)
IsTiam : ae_AnTFSFHflgn + ibe_BnTI‘mn =0 (A.21)
I'olis: (ZB_AUTFQFHrljl’] + ’L'CB_CUTF12’I’] =0 (A.22)
YudxFn nf [—ibe_BFS'yM — ice_CI‘Q'yu] nda" + edlogy = 0 (A.23)
ae*AnTFny,m da* — «dlogy n'Tian =0 (A.24)
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Next we subtract equation (A.11]) from (JA.10) and take a hermitean conjugate of the result:
[ibe PTs —ice™“Tq + A(B — C) + 3(Ga — Gs)] n = 0
nf [ibe_BFS —jce T — P(B—-C)—3(Gq — GS)] =0

These equations can be combined to find a relation between scalar bilinears similar
to (A.19):

be BnfTgn — ce “niTan =0 (A.25)
However due to the difference in the coefficients, we conclude that
n'Tsn=n"Tan =0 (A.26)
Then (A:21)) and (A.24) imply that
N'Tn=0, 7'Tyyn=0 (A.27)

At this point we have only four nontrivial scalar bilinears, one of them was computed
(ntn = e4), and now we will derive the differential equations for three remaining scalars:

n'Ten, n'TrTsn, n'Talan.
We begin with computing a derivative of 5T g7:

1 3
Vu(n'Tun) +n'Ty [—§'YM(GH +Gg+Gq) + §(GH +Gs + GQ)W} n

1 3
+1)' |:_§(_GH + G5+ Ga)yu + 5u(=Gr + Gs + Gﬂ)} L =0

This expression can be simplified in two different ways: we can either write it in terms of

scalar bilinears:
VM(nTFHU) + 29Ty (G +Gs +Ga,vun=0
V,.(n'Tgn) — %nTrH(e*?’Aau il +ie 3B, fol's +ie 390, fsTa)n = 0, (A.28)
or we can eliminate fo and fs:
Vu'Tan) + 20" [~(=Gi + Gs + Go)vu +7u(~Gr + Gs + Go)| T = 0
Vu('Ten) + 0" [6G v, — 67,Gu] Tun — 201 [ae™4y, — 8,ATy]n = 0
V' Tan) — e 40, fin'n — 2ae™ ' y,n + 20, An' T = 0
The last equation can be rewritten as an expression for one of the vector bilinears:
2aenty,m = 0,(* 0T yn) — Oufr (A.29)

In the process of making simplifications we used two relations between bilinears which can

be obtained by combining various projectors:

a 1
nT’YuFH |:56_AFH + 5/814 + (GS + Gq — QGH):| 7

1
—nT [ge_AFH + 5,314 + (Gs + Gq + 2GH)} Yulan =0
0" [u(Gs + Ga +2Gp) — (Gs + G + 2Gg )y, Tan

+nf [ae_Awﬂ — OHAI’H] n=20
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Let us now look at derivatives of the two remaining scalars. Taking an appropriate
bilinear of the differential equation and using various projectors, we find

1 3
V(' Tl yn) +n' [_5(_GH + Gs +Go)v, + 5%(—GH +Gs + GQ)} Fal'uyn
1 3
+n' Tl y [_§'YM(GH +Gs +Ga) + 5(Gu + Gs + Gn)w} n=70

Vu'Talyn) + 0" [(-Gu — 2Ga + Gs)vuLalh + Tl gv,(Gu + Gs — 2Ga)|n = 0
2V, (' Tl yn) + ' [(ice “Tq — PC)y, Lol i + Tal gy, (—ice “Tq — AC)|n =0

This implies a very simple relation

Bu(e*CnTPQI’Hn) =0: n'Tel'pn= icre€ (A.30)
and similar manipulations lead to

Ou(e ™ BnTsTyn) =0: n'TsTyn = icre® (A.31)

The constants ¢; and ¢ are not determined, but one relation between them can be found

using (|A.2():
bca +cc1 = —a (A.32)

It appears that there is no further restrictions which allows one to fix ¢; and co completely.
In fact, there are two known solutions with AdS3 x S x §% symmetries (AdS; x S* and
AdSy X 57) and they have different values of ¢; and cs.

Let us summarize the content of this subsection. We found that four out of eight scalar
bilinears vanish and we also determined the other three:

n'Tsn =n'Tan=n"TsTan=n"T1m =0
Ty — oA i — i1 eC i — icoeB
n'n =e?, n'Telyn=ice”, n'T'sTyn=icse (A.33)

The last scalar bilinear 5T g7 is still undetermined, but its derivative can be expressed in
terms of fluxes using (JA.28):

1
d(n'Txn) = 3 [e_ZAdfl + coe 2B dfy + 016_20df3] (A.34)

To find an algebraic expression for this last scalar we use Fierz identities. If we define four
dimensional vectors as

Ky = ("m0’ Tsn,n'Tan), Ly = (0", n'TrTsn, n'TrTan)
then Fierz identities lead to the following relations:
KnL™ =0, K®=-L*=('n)? - (u'Tyn)?*
Writing this more explicitly and using the fact that n'T uYun = 0, we find a relation

(m'vum) (' n) = —('TuTsn)® — (' TuTan)® = (n'n)? — (' Tum)®  (A.35)
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which in particular leads to

NTan = el \/€2A —2e2C — 2B = erel’, e2=1 (A.36)

As a Dbyproduct of this analysis of scalars, we also found three rela-
tions (|A.23), (A.27), (A.29) containing vector bilinears

UTFHWU =0
2ae iy, = 0,(* ' Tim) — 9. f1 (A.37)

ibeCnTI’S%ﬂ] + ’L'CGB’I’]TFQ’Yﬂn dz" = dy

In the next subsection we will analyze the differential equations for the three nontrivial
vectors which appear in these equations.

A.3 Vector bilinears

Let us now write differential equations for the vector bilinears. Due to the restriction on
the product of gamma matrices (see footnote on page fg), only the following vectors are
independent:

'm0 v Ten, n'vLsn, nivTan. (A.38)

We already know that UTW;LFHU = 0, and now we look at the equations for the three
remaining vectors. We begin with

1 3
V(' vm) + 1t [—iw(GH +Gs+Ga) + 5 (G +Gs + Gg)w] 77
i 1 3
' | =5 (=Gr + Gs + Ga)u + 5m(=Gn + Gs + Ga) | 1w = 0
Antisymmetric part of this equation can be simplified further

1
Vit vm) + 0 [_§VVM(GH +Gs+Go)+ 37[VGH7;4} n

1
—nTﬁ(—GH +Gs + Ga)yuwn =0

Vit m) — 1T (Gs + Ga)p =0 (A.39)

To eliminate fluxes from this equation, we multiply ([A.9) by niT15 and subtract the con-
jugate expression:

N T2 [ DA+ 2(Gs + Ga)ln =0 (A.40)
This allows us to simplify the equation ([A.39) for the vector:
i L
V[u(ﬁ ’71/]77) + 561/;177 F56/61477 =0

1 (0%
V(') + 5 evnda A(=e )0t yan = 0
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Rewriting this relation in terms of forms:
d(n'yun dat) + dAAnTym dat =0 d(eniyum dat) =0, (A.41)

we observe that the resulting equation can be viewed as integrability condition of (JA.29)
and does not lead to new information. The trace part of the differential equation gives

Vum'y n) +n' [=(Gu + Gs + Ga) — (—-Gu + Gs + Ga)ln = 0
V,.(n'v"n) — 20T (Gs + Go)n = 0
V(' n) + 0 (ae Ty + AN =0

VM(eAnT’y“n) +an'Tyn =0 (A.42)

Next we look at a derivative of the vector 7Ty, n:

1 3
Vu('Tayn) +n' [—5(—GH +Gs+Ga)y+ 5m(-Gr +Gs + GQ)] Lovn
; 1 3
+n'Tav, —i’m(GH + Gs + Gq) + §(GH +Gs+Ga)y|n=0
Antisymmetric part of this expression gives

1
Vi Taoym) +n' [5(_GH +Gs + GQ)'Y;WPQ] n

1
+§nTPmW(GH +Gs+Ga)np =0

1 b _ 1
Viu(n'Tamm) + 5n' [56 "ls— 5 PB + 3Gs] YwTan
1 b _ 1
Vi (n'T % empg — L oB| 4 Tan =0
w(' Camn) +n' | Fe™ s = 5 OB yulan =
Using the relation I'¢I'qgl'1s = —I'7, we can simplify this equation:
ib
Viu(enTay,m) - EeuuUTFHU =0 (A.43)

Similarly, for the last vector bilinear we find
Viu(e“n' sy, m) + %CEW??TPH?? =0 (A.44)
The trace part of the equation for nTT'gy,n gives
Vu('Tov'n) + 0" [(-Gu + Gs + Ga)Ta — Ta(Gu + Gs + Ga)ln = 0
ib

ib 1 1
V(0 Tay'n) +nf KTBPS — §ﬁB>rQ —Tq ( - 5e*Brs — 5/93)] n=0
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This equation along with its counterpart for TT'sv*n leads to ”conserved currents”:

VM(T]TFQ"}/'LLH) — nT OBTgn=0: VM(eBnTFm“n) =0 (A.45)
Vu('Tsy*n) —n' PCTsn =0: V. (“n'Tgy"n) =0 (A.46)

At this point it is useful to recall the last equation in (A.37):
dy = ibechI‘SVHndx“ + z'ceBnTI‘Q%mdx“ (A.47)

In particular, the relations ([A.45), (]A.44) imply that d x dy = 0, then we can define a

coordinate x such that dr = *dy. With this choice the metric becomes
ds? = e2Ads? + e*Pds? + eQCdsi; + gZ(dw2 + dy?) (A.48)

with g, given by (AIF).
Finally let us evaluate various components of the vector eTwﬂe. Multiplying (A.13) by
nt and adding the conjugate relation, we find:

1

—n'Tyn = —ae 9Ty,
Yagy

and similar multiplication by nTny gives

1 - - - -
EnTI’xn = —ibe BUTFSnyn — ice CUTFQmen = —ibe Byl yn +ice “n'TsTyn
y

C—B _ (0, eB—C

= bee c

This leads to a simple expression for the one-form:
n'yumdat = gZ [—aeleF+B+Cdy + e (be e — cczeQB)dm] (A.49)

To summarize, in this subsection we have completely determined the
form of the metric and we derived six equations for the vector bilin-
ears (A.43), (A.44), (A.49), (A.49), (A.40), (A.49). This concludes the analysis of
the differential equation (|A.13) and in the next subsection we will use the projec-
tors ([A.9)—-(A.11)) to extract information about the fluxes.

A.4 Equations for the fluxes

In this subsection we will use various projectors to find the expressions for the fluxes
f1, f2, f3. Analysis of subsection [A.]] shows that there are three projectors annihilating
the spinor (see ([A.9)—(A.11)), however since we are looking for a solution which preserves
16 supercharges, only one projector is expected to be independent. In particular, it is

convenient to impose (A.13) then (A.9)-(A11]) would follow from it.

Let us consider two combinations of (A.9)-([A:11]) which apriori seem complementary

to (A.13):
1
geiAFH + 5,314 + (Gs + Gq — QGH):| n =0 (A.50)

ibe Plg —ice ‘T + H(B—-C) — %(6*33 BDfolg —e 3¢ P fgrﬂ)} n=0 (A.51)
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Let us take the conjugate of the last equation:
nt [—ibeBI’S +ice “Tq+ H(B—-C) — %(6733 Bfslg — e3¢ ﬁfgrg)] =0

Multiplying this relation by I'svy,n and (A51) by WTW;LFS, we find a relation between
bilinears:

Lo " T _ ) _ y
nf [—zbe BWH + € 'sl'120"(B - C) — ¢ 3B(9ﬂf2 + §6ﬂyFSFQF12€ 3¢9 fg] n=20

This equation and analogous relation obtained by interchanging I's and I'q lead to the

expressions for the fluxes:3!
eA3Bdfy = abe A" Bdfy + 2¢1eC x d(B — C) — e1ef 3¢ s dfs (A.52)
eA3Cdfs = ace A Cdfy + 2c2eP x d(B — C) + e1ef 738 « df, (A.53)

Here we used ([A:29) to introduce a new function fo:
fo=fi—exe®™, 2plyndat = —ae™dfy (A.54)

To find additional relations we use a differential equation (JA.19) and its conjugate to
evaluate the derivative of nfT'ygn:32

V(' Tsn) + ' Trs | 59(2Gs — 4Gs +2C0) + (2 +4Gs +2Ga)y| 1 = 0
Au(—icoe”) + %nTFHS [e ™Ay, DAL H — 4ie B0, fols +ie [y, Pfs|Ta]n =0
—12icy deP — dieret 3Bdf, — 2673A(*df1)17TI’SI’5677 + 2’L'6730(*df3)77TFHSQF5677 =0
Substituting the expressions for the bilinears, we arrive at a relation between fluxes:
—6eode® — 2€1€F_3Bdf2 — c1eC 734 & dfr — eA73C dfs =0 (A.55)
Similar manipulations for T yTon give

—6c1de’ — 261" 30 A 5 + B3 w dfy + €A 3B xdfy = 0 (A.56)

Equations (]A.59), (A.53), (]A.55), (A.5¢) can be viewed as a linear system for dfs, dfs, *dfs,
xdf3 and the solution is

e1e" 3 s dfs = —cpeP34df — abe ™A Bdfy — 2¢1eC % d(B + 20) (A.57)
erel 3P w dfy = clec_gAdfl + ace_A_Cdfo — 2¢9eP % d(2B+C) (A.58)
eA3Bdfy = 2abe A" Bdfy + 21 % d(2B + C) + c2eP34df, (A.59)
eA73C%fs = 2ace™ 1Y dfy — 2c0€P % d(2C + B) + 19 734df, (A.60)

31We also used the relations I'sTien =Taol'un, I'sTal'ien = —Tun.
32Gince we already have an expression for this derivative, these manipulations exploit the projectors,
rather than differential equation.
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These relations can be used to eliminate fa, f3 from (|A.34):

1
d(erel’) — 3 [—2e724dfy + 2c102eP T A % d(B — C) + e (2e*4 — *F)df1] = 0

Simplifying this equation, we express fi in terms of the warp factors:
dfy = 2c1c0ye*A72F « d(B — C) 4 eyde*A—F (A.61)

To summarize, the relations ([A.57)—([A.61)) (along with definition ([A.54))) allow us to
write all fluxes in terms of the warp factors. Then the equations for the components

of the metric would come from the integrability conditions of ([A.57)([A.61) combined
with (A.49), (A.54). The situation is analogous to the system which was encountered
in [[[§] for the type IIB geometries.
Using an analogy with [[[J], it seems useful to combine (A.57) and (A.59):
616F [626740 x df3 — 616743 * dfo ]
= —e 3 (BePC + 2O BYdf, + e A B Cdfy 4+ 2¢1¢0 xd(B - ©)
— 67314 B— C+2Fdf1 _ elefAfoC’de2A+F +2¢1co * d(B _ C)

= 2e1e2B=CleA—F 4 4eic * d(B-C)

Dividing by €24 — 2, we find

F+B+C 2F 3 A—F B+C
ejef T8+ [026740 wdfs — cre—1B *de] _ 2e1e“t'de dercoePTC x d(B - )
o2A _ o2F 24 _ 2F 2e2C f (228

e

In other words, we found that one of the consequences of the equations for the fluxes is a

differential relation

oA _ oF cpeB=C g FTBHC o B
erdlog —— P = + 4 darctan o = oA aF [026 x dfs — cie * deIA.GQ)

It is interesting to construct an alternative form of this relation which does not contain fs.

To find it we begin with extracting *dfs from (A.53):

e1c eFtC—3B .
2 or * P
€1 - _ _
= A aF [(eA 200fs — ace™dfy) 4+ acere”Ade* M — 2¢,ePTC « d(B — 0)]

The above expression would be much simpler if we had d(A — F) instead of d(24 + F).
The simplest way to go from one differential to another is to use a consequence of (A.6]):

e1eFd(4A — F) = 27 344f) — 2¢1¢0eP1C « d(B - C)

This leads to the relation

F+C-3B

e|c1e

—r 57— * 4

o2A _ g2F * dfa
c - —
= o (" 72dfs — ace™dfy) — 2¢,¢P x d(B ~ C)]
ZAG,CCl — [2€1€A+Fd(F _ A) + ezF—gAdfl _ 20102€B+C % d(B - C)]
e —e€

= ———=dfs — 344 1 xd(B —-C
A arUfs —accedfy + aceren og - oA _ oF + o2A _ 2F ( )
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Noticing that

2 B+C 2 B+C B

c1c5€e B c1c3€e B Cco€
m * d(B — C) == W * d(B — C) = C9 * d arctan 617, (A63)

we can substitute the expression for xdfs into (JA.62) and move the warp factors to the left

hand side:

A F creB—C
+ 2 % d arctan

e
1- dlog —
(1 —acey) |erdlog - -

eqe—3C

—34A
= aceredfi +

[026F+B * dfy — 6161€A+Cdf3] (A.64)
Here we used a relation 4 + 2abce = 2(1 — acey). The last relation can be used to define a
new harmonic function ® in the same way as ([L11]) was used to define function ® in ({L13).
It appears that while ® was natural for the solutions with AdSy x ST branch (the right
hand side of ([1]]) vanished for the maximally symmetric solution), the function ® might
be appropriate for the AdS; x S since the right hand side of ([A.64) vanishes for the ground
state in this sector. Unfortunately in this branch ¢; = ac and equation ({A.64) does not
contain the warp factors. Then it seems that there is no advantage in introducing the
second harmonic function ®, moreover it appears that while equation (E11) is well-suited
for doing perturbation theory around AdS; x S” (and a similar equation for AdSs x S°
asymptotics was derived in [[§]), there is no natural counterpart of this starting point in
the AdS7 x S* sector. This makes AdS7 x S* sector somewhat special and it would be nice
to understand the nature of this difference.

A.5 Evaluation of the Killing spinor

Finally let us analyze the constrains imposed on Killing spinors. Naively it seems that we

have three projectors (|A.13), ({A.50), (A.51)), but to preserve a half of supersymmetries, only
one of them should be independent. The projector ([A.13) and equations for bilinears can
be used to derive (A.50), (A.51]). In this subsection we use (JA.1J) to find the restrictions

imposed on the spinor.

We begin with recalling the expressions for the non-vanishing scalar bilinears:
nin=et, nTalun =icie®, n'TsTpn=icee?, 0Ty =erel (A.65)
Due to reality of ef” it is convenient to define two angles ¢ and ¢:
el = et cos20, c1e¥ =etsin20cos20, cpeP = e?sin 20 sin 26 (A.66)
Let us define a rotated spinor n; as
m = e sTay (A.67)
Then nII’SI’ gm = 0 and there are only three non-trivial bilinears containing 7;:

771[771 — 4, UIFQFHnl = i sin 20, nII‘Hm = e1e? cos 20 (A.68)
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This suggests an additional rotation:
= €170, (A.69)

which leads to a spinor with only two non-vanishing bilinears:

nbne = e, niTume = ere? (A.70)

This implies a simple projection on 7.

To summarize, we have the following expression for the original spinor:

o'sTg e—ielo'FQ

n=e 2, L = exne (A.71)

Notice that e; could be equal to either one or minus one and the same geometry could
have spinors with both signs of e;. So the last relation does not truncate the number of
components of the Killing spinor, but rather it introduces two different branches.

Let us now look at the projector (A.13). We begin with rewriting it as

1 .
ae_AFH + ibe_BFS + ’iCC_CFQ + Ery:| e(SFSFQe—ZelUFQnZ =0
Yy

1 A
[ae_APH + i(be_3025 — 06_0325)F5 + 1(06_0025 + be_B325)FQ + —Fy} e~terolap, —
Ygy

Simplifying further, we find
el [aefA + 820(0670025 + b€73826)j| M2
1
+ |:i(b€_B025 — 06_0325)F5 + 1020(06_0025 + be_B325)FQ + Ery] 172 =0
y

The first line in this expression is proportional to a+ bcy 4 ceq, so it vanishes due to (A.39).
Thus the projector (A.13) is equivalent to

BASQU

[i(bcleCB — cegel )Fs + icos (cer + bea)Tg + Fy} o =0

Ygy
i(bcleC_B — cegel )FS —iael4Tq + 820\/ 14 e24-2B 4 24207 } 2 =0

Notice that this is a consistent projector since

62G_2A — 2F—-2A

= (bcle 002
20( 2y 4 2e?B(e72C — e — 2beciep + 1

C €
_ ( % +02€2B)(6_2B + 6—20 . 6_2A)

B—C)Q +e

Introducing one more angle 7 by requiring
sin 27 = eA7C (b8 — cepePC),  cos2r = eF Y, (A.72)
we can rewrite the equation for ny as

[isin27l'g — iacos 27Tq +T'y]m2 =0 (A.73)
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This implies an existence of a spinor with very simple projection:

atl's'g

n = e n2, T'ol'yno = iang (A.74)

Combining this with ([A.71]), we find the following relations for the spinor 7:

5F5FQe—ielaFQ e—aTFsFQ

n=e no,  LTuno=eimo, Tal'yno = iang (A.75)

As we already mentioned, the same geometry has Killing spinors with both positive and
negative values of ey, so the last relation leads to only one nontrivial projection and thus
it corresponds to a geometry preserving 16 supercharges.

A.6 Summary of the equations

In this appendix we analyzed the 1/2-BPS geometries and we found a set of relations which
should be satisfied by them. In this subsection we collect all relevant equations.

We began with an assumption of SO(2,2) x SO(4) x SO(4) symmetry, this led to the
expression for metric and fluxes (A.15), (A.49):

ds® = sty + Pt + OdsE + gy(da® + dy)
Fy = dfi AdHs + dfz A dQs + dfs A dQs (A.76)
gy—l — yv/—e—2A f 2B | ¢—20 g = (AFTBHC

The relations (A.36), (A54), (A.57)-([A61) allow one to write all fluxes in terms of warp
factors:

oF — \/62A C R 2B fy = f — e A
dfi = 2c1coye®A™2 « d(B-C)+ erde*A=F
e1e" 3 s dfs = —cpeP34df — abe ™A Bdfy — 2¢1eC % d(B + 20) (A.77)
erel 3P wdfy = clec_?’Adfl + ace_A_Cdfo — 2c9eP % d(2B +C)
eA3Bdfy = 2abe A" Bdfy + 21 % d(2B + C) + c2eP34df,
eA3Cdfs = 2ace A dfy — 2c0eP * d(2C + B) + c1e9734df,

The constants c;, ¢y cannot be fixed by the local analysis, but there is a constraint (JA.39)
imposed on them:

bca + cc1 = —a (A.78)
One can also arrive at a simple differential relation for fy by combining (A.54) and (;A.49)
dfo = —2aeAgZ [—aeleF+B+Cdy + e?(be e — CC2€2B)d.I:| (A.79)

Once the constants ¢1, co and the boundary conditions are specified, the equations written
above are sufficient for finding a unique geometry (we discuss this construction in the main
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part of the paper). To do the computations in practice, it is convenient to combine the
equations for the fluxes into a relation (JA.62):

A F B— F+B
erdlog &+ 4% darctan 25 ¢ _ae” i e e 40 w dfy — c1e™ 1P * dfa]  (A.80)
A28 A e o eA_eF 172 s 2 '

Finally we recall that the Killing spinor has a very simple form (JA.75):

5F5F967i610{19 efaTF,gFQ

n=e o, Tol'yno =dany, T'uno = eino (A.81)

Notice that one of these projections is a matter of convenience (for example if one solves
a SUSY variations in R? using polar coordinates, it is convenient to consider the spinors
n+ satisfying I',4e = ie separately), so it does not affect the number of preserved su-
persymmetries. The second projector does break the maximal SUSY to 16 conserved
supercharges.?® The angles o,d, 7 were defined in ([A.66), (A.79):

el = et cos 20, ¢ e¢ = e/ sin 20 cos 20, coeP = e sin 20 sin 26

27— oF=G 1 eA=C (heyeCB _ peBC)

e bcre

While we expect to find geometries for any combinations of signs (a,b,c,eq), it is suffi-
cient to solve the problem for (a,b,c,e1) = (+,+,+,+) and the results for the remaining
branches can be obtained using various symmetries. To see this we first solve (A.7§) by
parameterizing ci, ¢s in terms of a real number g:

c1 = acq, cp = —ab(q+1) (A.82)

Then we observe that equations (JA.77), (A.79) remain invariant if we flip the signs of any
of the following four sets:

(a,elaxafo,fl)a (aaf25f3)a (b’xan)a (C’x>f3) (A83)

while keeping the remaining functions as well as ¢ fixed. Notice that coordinate x was
defined to be orthogonal to y and we also fixed the normalization of dz?, but not the sign
of z. The sign reversals in (A.83) can be used to map a solution from any branch into the
one with (a,b,c,e1) = (+,+,+,+). Thus without a loss of generality we can set

a=b=c=e =1 (A.84)

and these conventions are used in the main part of the paper.
While the symmetries (A.83) can be used to map any solution into the standard
branch ([A.84), the functional form of the metric may change under such map. For ex-

ample, if we flip a sign of = and function e24

is not even under such change, then one gets
a new solution. The bosonic parts of the maximally symmetric solutions (AdS; x S7 and
AdS7 x §*) are invariant under all four Z; symmetries defined in ([A.83), then starting with

a spinor in ([A.84)) one can reconstruct all 32 supercharges. For a more general solution we

33For a more detailed explanation see the end of this subsection.
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should avoid the sign change in z, this leaves only three independent reflections in ([A.83).
It is easy to see that all of them leave a solution invariant, but one should also change
orientations of the spheres:

((Z, ba C)a ((Z, ba 61,f0,f1,f2,d3H,d39), (CL, f%f&de,de) (A85)

Using these reflections one can go to the branch (a,b,¢) = (4, +,+) while keeping the
solution unchanged. This guarantees an existence of 16 supercharges for any geometry
constructed in this appendix, and the solutions preserving different halves have opposite
sign of e;. This clarifies the discussion after equation ([A.81)).

B. Decompactification limits of 10-dimensional geometries

In section [] we showed that by taking various decompactification limits of the new geome-

tries one recovers known solutions. Here we discuss similar limits for the type IIB metrics

constructed in [[L5] and again we will see that some interesting solutions are recovered.
We begin with recalling the geometries constructed in [[L5]:

-
2 24 7772 2B 192 2C 742 € 2 2
ds® = e“"dH5 + e*7dQ5 + e“~ dQg + W(dm + dy*) (B.1)
F5 = dfs NdQy + x10(dfs NdQy), Hsz=dfy NdHy, F3 = dfs A\ dSQy
2A — yer¢>/2’ 2B — yeGﬂb/?’ 2C — ye’G*¢/2, = \/62,4 _ 2B _ g2C

The warp factors and fluxes obey a system of differential equations:

262A+¢/2
dfy = — g [ Fdg — "7 xdg]
2e2B-9/2 AtC
dfy = Sx——p [P Fdp — " x dg]
1
ePe™4C x dfs = eAd<A - %) + ZFB?W%QAde (B.2)
2
d(H — G —2¢) = — e*“dy + FePOAdy)

y + 0

A
¢ =B L epang

1
s«d arctan e + §dlog AT F 2

1
ete ™10 x dfs = eBd<B + %) + ZFeWQ_QBde

The boundary conditions for these differential equations were studied in [[Lg], here we will
proceed with local analysis and consider the limits where various warp factors go to infinity.

B.1 Metric produced by a string

We begin with decompactification of AdS space. To accomplish this goal we rescale various
quantities as

(e, F) — A(er, F), f1 — A*fy (B.3)
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and send A to infinity. Then the geometry takes the form

—¢

e

ds® = e*Adwi | + e*PdO3 + *7dQ] + W(d# + dy?) (B.4)
F5 = dfs AN dQy + *10(dfs AN dQy), Hs =dfi A d2w, F3 = dfs AN dS)o

24 = yel—0/2 2B _ 0G=0/2 20 _~CG=6/2 [ _ A

and the system of differential equations can be rewritten as

dfy = —22449235 Aq (A B %> + iF e P Adf = 0 (B.5)

df2:05 df3:0,

2
d(H — G — 2¢) = —W(€2Cdy+63+cd$)
1 eQB + 620 1 B
s darctan e® + §dlog A T3¢ ¢/2=240f = 0 (B.6)

Eliminating f; from the second equation in (B.J), we find a relation between A and the
dilaton, then we can also evaluate the flux:

SN 1., _30 2
d(A—4 —2d¢—0. A—4, fi=—e (B.7)
Let us now simplify equation (B.6):
2 T
1 = (¢ : = — tanh B.
d(G + logy) y(eG+e—G)(e dy +dz): ydG p— tanh Gdy (B.8)

This leads to the unique solution for G:

2
sinhG=2 £S=24 <E> +1, P =e2@+r), =920 1)
y y y

and and to the complete solution in terms of the dilaton:
1
ds? = e /2 [ewds% L+ (r 4+ 2)dQs + (r — 2)dQ3 + 2—(dm2 + dy?)
’ r

Hs = —de? A dPw, r=+a?+y? (B.9)

Rewriting the metric in terms of polar coordinates in (x, y) plane, one recognizes a geometry
produced by fundamental string in flat space. One can check that the last equation (B.g)
becomes an identity and it does not lead to an extra restriction on the dilaton. This
agrees with a well-known fact that a geometry produced by fundamental string cannot be
completely fixed by looking at supersymmetry variations: to determine a dilaton one has
to look at the equations of motion which require e 2? to be harmonic.

To summarize, we see that by sending the AdS warp factor to infinity in the solutions
of [[[5] one recovers a geometry produced by a fundamental string.
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B.2 Relation to non-commutative theories

Let us now decompatify AdS and at least one of the spheres. We begin with sending e
and e® to infinity while keeping e© fixed. To produce a well-defined geometry one should

make the following rescalings:
(eA,eB,Faxay) HA(GA’BB,FaCUay)’ (flaf2) —>A2(f1,f2) (BlO)
and take A to infinity. Then the system (B:1)—(B-3) becomes:

e??ds? = yeHdwil + yeCdud + ye=9d3 + y e O (da® + dy?) (B.11)
Fy = dfs NdQy + *10(dfs AdQy), Hs =dfy ANd*w, F3=dfs Ad*u

A = yell=0/2 2B _ ), G=0/2 20 _ G062 [ _ /24 _ 2B
9e3A+/2 9e3B—0/2

dfy = BNZT do, dfz = i do (B.12)
1
eBe 40 x dfs = eAd<A — %) + ZFe_WQ_QAdfl

1
ete ™10 w dfs = eBd<B + %) + ZF6¢/2*2Bdf2

A
e —F 1 _ 5
AtrE  2° P Aap =0 (B.13)

1
d(H — G —2¢) =0, §d10g

From the first equation in the last line we conclude that e? = e4e~?, then one can simplify

the expressions for fq, fo coming from (B.12)

1 e do
_ = _¢/2_2A = = = ¢ 2¢ —
2€ if = =g = == = dlogle” + Ve — 1] (B.14)
1 eB do
L ¢/2-2B 30 _ _ - 2%
3¢ dfs = 62A—623d¢_ 62¢_1—darctan\/e¢ 1

We observe that the second equation in (B.13) becomes an identity. Let us simplify the
equations for fs:

s dfs = e*C e¢d<A - %) — %ed)dqﬁ] _ y46432¢6¢d<A _ %)
xdfy = €'¢ e¢>d<B + %) + %e(bd(b] — y4e432¢e¢d<B n %)

Integrability conditions for these relations imply an existence of two harmonic functions

which differ by a constant:

4
e — f TS — o TAB0 — f e wdfy = —yzdf, d(y* «df) =0 (B.15)

We can now express the warp factors and dilaton in terms of a harmonic function f and

constant c:

2 =1 fef Tl A= ef2fTU2 2B _ o 38/2p-1/2 (20 _2,-6,-2B (B 1¢)
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Finally we simplify the expressions (B.14) for the fluxes:

26¢/2+2Ad¢ 1
df = ~ 290 _ g2 —  Jeap!
If1 (= ~de Vedf

\/_
267¢/2+23d¢ 1
VE-T

Thus we arrive at the following solution:

dfy = de™? = /ed(f~'e™??)

ds? = 9/ [ ISk [—dwil + e—2¢dv§] 4 FY2(da? 1 dy? + degﬁ)]
e =14cf', B=—vVef'd?w, C¥=\cf e ?d (B.17)
Fy = dfs A dS + x10(dfs A dQ), *dfs = —y;df, d(y" * df) =0
This geometry was constructed in [ as a gravity dual of non-commutative gauge theory
(see also [[Q]). The derivation of [[], involves T dualities and rotations, so it is much

easier than the method used here, but the fact that we recover this metric as a special limit

of solutions dual to Wilson lines serves as a nice cross-check of our computations.

B.3 Decompactifications of $*

Let us now send e and e to infinity while keeping e? fixed. One way to accomplish this
is to make following rescalings:

(eAaecaF7x7y) _>A(6A7607F7$7y)7 fl _>A2f17 f3 _>A4f3 (B18)
In the limit A — oo the system (B.1)-(B.J) becomes:

ds® = eQAdwil + e2Ba02 + e2Cav: + e 972 (dx? 4 dy?) (B.19)
Fy = dfs Nd*o 4 *19(dfs Ad*v),  Hsz=dfi Nd*w, F3=dfy NdQs
e2A = yell=0/2 2B _ y0G=¢/2 20 _ 4o=G-9/2 [ _ [o2A _ ;2C

dfy = =242 Fdg, dfy = —2e?BHC=4=9/2 4 (B.20)
1
ePe™C w dfs = eAd<A — %) + ZFe_WQ_QAdfl

1
ede4C « dfs = ZF6¢/272Bdf2

A
et — F 1

— Zem92244r — B.21
€A+F 26 fl ( )

1
d(2A — 2B —2¢) = —2dlogy, §dlog

The first equation in the last line allows us to express all warp factors in terms of e” and
the dilaton:

eB = yed=?, 0 = ATe/2 (B.22)

Let us combine the equation for fi with last relation in (B.21):

A

+ Fe 4d¢ =0 (B.23)

1
—d1
2 8 eA+ F
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If we assume that F' # 0, then this equation relates differentials of A and ¢: dA = S(¢)d¢.
We can now combine the equations for the fluxes to produce a relation between the warp
factors:

_%eB—AFe¢/2—2BeQB+C—A—¢/2 wdp = eAd<A _ %) _ %F6—¢/2—2A6A+¢/2d¢

The left hand side of this equation is proportional to *d¢, while the right hand side is
proportional to d¢, so each side should vanish. Since we want the warp factors and the
dilaton to remain finite, this leads to the conclusion that F = 0. This fact simplifies the
system (B.2()—(B.21):

fi=f3=0, dfs=1y>xde 2, ¢*=¢? (B.24)
Combining this with (B.22), we arrive at the solution:

ds? = ?/? {dwil + dvi + e 2 (dz? + dy? + y?dQ3) (B.25)
Fy =y’ «de " NdQy, d(y*xde ") =0

This is a geometry produced by smeared D5 branes.

One can make a different rescaling which leads to the metric preserving ISO(1,1) X

IS0O(4) x SO(3) isometry:
(62A,F2af1) _)A4(62A’F2afl)’ (ecax+iy) —>A(BC,$—|—’L'y), f3—>A3f3 (B26)
In the limit A — oo one finds fo = f3 = 0 and the remaining equations become

dfy = —2e2419/24¢, d(A - %) + ie*d’/HAdf1 =0

d 1 ¢ 1
dA—B—¢) = -2 Sdlog 4€e2A — 5e P df = 0

Using these relations, one can parameterize the solution in terms of one unknown function
@.
e?:

ds® = 63¢/2dwf72 + e /2 [dvi + dz? + dy? + ydeg] (B.27)
Hs = —de?® A dwo (B.28)

This geometry is produced by smeared fundamental strings, and one needs to use the
equations of motion to show that e 2? is harmonic. In fact this solution can be obtained
by taking a decompactification limit of (B.9).

One can also send all three warp factors to infinity, there are various ways of doing
this, but all solutions can be viewed as further limits of metrics produced by fundamental
strings, D5 branes or D3 branes with fluxes (B.17).
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